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TOPOS-THEORETIC FACTORIZATION

OF NON-STANDARD EXTENSIONS

Anders Kock and Chr. Juul Mikkelsen

Aarhus Universitet

In the present paper, we attempt to give an analysis (in the form of a
factorization theorem for certain functors) of the basic principle of higher
order non-standard analysis; this basic principle is the contradiction that
"higher order properties are preserved and yet not preserved” by non-standard
extensions.

As is well known (see Robinson, [16]), any non-standard argument starts
by embedding the structures under investigation in larger ones; in particular,
if the argument is a higher order one, so that both a set A and (say) its

power-set A is considered, one has

AC A 5 Pac (Pa)

(Pt

and in general will not be the power set jD(A*), but rather a subset

of it

(0.0)

(PaT cAur),

namely that subset which consists of the internal subsets of &% .
The *’—operation (which in this note is denoted q>) thus does not preserve
power-set formation, and more generally it does not "preserve truth of higher
order logic sentences'"; yet it does preserve such sentences provided every
quantifier ranging over a class of higher order entities is understood to range

over internal entities of that kind; for instance if 24 is a non-standard ex-

tension of the reals, the sentence

"Every bounded subset of real numbers has a sup"

is true for IR and false for er y but true for HZ? if we replace the phrase
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"every bounded subset" by the phrase "every internal pounded subset". So with-
out changing the elements of ﬁzf , a false higher-order sentence becomes true
by a change in the ambient logic.

The category theoretic line on logic is that logic (including higher
order 1ogic) is built into the category & of sets (or into any topos E, in
fact). (This line of thought was initiated by Iawvere in 1963, [9] ). In
particular, one does not need a formalized language to describe the concepts
of "first-order logic preserving functor" or "higher order logic preserving
functor", (as we will see soon). It furthermore turns out that the idea of
"ohanging the logic without changing the elements' can be made precise, again
without introducing any syntactical notions: the toposes themselves play the
role of logic, so "changing the logic" means ''changing the topos". That this
is possible 1is the content of the main theorem (the notions entering into the

statement of the Theorem will be explained later in the paper):

PHEOREM. Any first-order logic preserving functor between toposes
? i BE— Eo admits a factorization E'——>§f —ﬁ-go where the first functor
preserves higher-order logic and the second functor preserves elements (as

well as first-order logic).
The theorem appears as Theorem 3.5 below.

The reader may have the following example in nind for @ ; take a set I
with a non-principal ultrafilter D on it; define the functor @ from the

category & of sets to itself by the ultrapower

(0.1) ¢(x) = T;(X/D

for any set Xe1§§1. (The factorization given in the theorem seems not in
general to yield a known category in the middle, but for this special case,

the middle category can be shown to be equivalent %o the category (rTgQ/D).
I
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The factorization was constructed and some of its properties conjectured

by the first named author in [5]. A fuller account was given in our joint

preliminary version [6] .

There are three sections. In the first, we recall notions from the theory
of elementary toposes, and develop some of the intrinsic’ logic in a topos. In
the second section we describe the notion of first-order-logic-preserving
functor between toposes, and develop the notions: standard map, internal map,
internal subobject, and related notions needed for defining the middle cate-
gory Ef of the factorization. Finally, the third section contains the proof
that E* is a topos, (as well as properties of the functors in the factori-
Zation).

Let us remark that from closed category theory one knows that any closed
functor admits a factorization into a "residual' closed functor followed by a
"normal" closed functor, [4]. The middle category in this factorization will
not in general be a topos. But it will sit as a subcategory of our middle

topos (as "the category of internal maps").

1. The logic of an elementary topos E

We consider a category E with finite inverse limits, in particular with

a terminal object 1. An object 1 of E together with a map

1 true; Q

(necessarily monic) is said to be a subobject classifier [12],[13], if for

any monic map A2 4 in E, there is precisely one map A — ()

(called the characteristic map ch(a) of a) such that

is a pull-back. A
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&

is a pull-back., A category with finite inverse limits and a subobject classi-
fier is said to be an (elemen‘tary) topos if it further is cartesian closed.
This means that there is a natural 1-1 correspondence between maps AxB —>C
and maps A —>CB for a suitable object CB (here also denoted BdC),

The original definition of the concept of elementary topos (as given by
Lawvere and Tierney [13] , [31) also required existence of finite colimits,
but this can be shown to be redundant, fis].

Further, Cartesian closed-ness calls for existence of exponential objects
BA for any A,B; we show below that exponential objects of the form QA
will suffice to get all the others.

One should think of ﬂA as the power-set object of A 1n the category
E; this is clear when we look at E =8 ;3 then (2 =2 (any two-element
set will do), and ]3A is the set of mappings from A to Bj; so ﬂA is the
set of mappings from A to 2, which clearly indexes the power set P of
A, When we illustrate in the category &  the constructions to come, we shall

simply identify QA with .PA, thus saying, for instance
"let A'C A Dbe an element of Qhr,

From now on, B denotes an arbitrary topos, for instance the category
& of sets.
For any object A € [EI, we have the diagonal
Ly
(1.1) A —=> A% A
which is monic since it has a right inverse: projection to the first (or

second) factor (we compose maps from left to right). The subobject of A% A
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defined by the monic map (1.1) may be viewed as the extension of the equality

predicate for "elements in A", It has a characteristic function
A
(1.2) Ax A —=(),

denoted 6A since 1t specializes to Kronecker's 6 in the case E = S (and
O = {1,0} = {true, false} ). The exponential adjoint of 5A is a map,

"gingleton-map",
{}
(1.3) L —25 b

denoted this way, because in the set case, it assigns to a € A the element
{2} ¢ A of foL

These three maps appear in the work of Lawvere and Tierney under the same
names, They also proved that (1.3) is monic (see e.g. 18] for a proof). There-
fore we can take the characteristic function 8y of {'%f
(1.4) a*—4,0
In the set-case, it takes A C A into "true" iff A' is a single ton {a} .

For any map f: A —» B, consider the exponential adjoint "fY  of the
composite

1xA YA ———£—9'B :

it is a map

I'f'l A

1———3B",

which Tawvere in [9] called "the rame of f".

For any object A, the characteristic map of the maximal subobject of 4
(which is A itself) is denoted "trueA"; altermatively

true

true, = A ——>1—— 0,

Thus we have "the name of true

A®
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Tirue "
§ by ek

Recall that YX depends functorially on Y (and also contravariant
functorially on X). If g: Y —>7, we denote the resulting map YX ——>ZX

by gX, or 1ledvg, Similarly in the upper variable.

PROPOSITION 1.1. Let A and B be arbitrary objects in E. Then there

is a pull-back diagram of the following form

(1.5) l | e

1 ——— 0
3

=
trueA

We shall not here give the full proof (which may be found in the preli-
minary version [6] ) » but rather argue heuristically for the case E=8.
Clearly (Q.B)A may be identified with QA“B, the power set of A =B, which
in turn is the set of relations R between the sets A and B. The upper

“

map associates to an element 'f' ¢ BA the graph of the corresponding map
f: A — B. To say that the diagram is a pull-back is to say that a relation

RC AxB is the graph of some map f: A — B if and only if
A
(1.6) (sg)"(R) = &

(the maximal subset of A), But recalling that sy is the characteristic map

of the singleton-construction {'}B, it is not hard to see that
(sB)A(R) = {a € A I{bl aRb} 1is a singleton} 3

So (1.6) says that for every a € A, {blaRb} is a singleton; so, for every
a€ A, precisely one b € B stands in the relation R +to it; so R is (the

graph of) a map A — B,
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COROLLARY 1.2. If a category has finite inverse limits, a subobject

A
clagsifier 2, and exponentiation of the form QL for all A, then it is a

topos.

Proof. If exponentials of the form flA exist, then also «)B)A, since
this object can be taken to be le”A. Now one can construct BA as the pull-
A
)

back of true, with (s as in (1.5). For finite colimits: see Mikkelsen

A
[151).

’

We next need topos-theoretic versions of the notion "for all a€A", and
"there exists an ag A",

Tor any map f: A — B in E, "pulling tack along f" defines a mono-
tone map

f—l
P(8) ——>F(a)

(here )D(A) denotes the set of subobjects of A - a subobject of A Dbeing
as usual an equivalence class of monic maps with codomain A). We have that
JD(A) is a partially ordered set; we denote its elements A', A", etc. Now it
is a well-known fact from the theory of (elementary) toposes (see e.g. [8],

p.32) that f—l has a right adjoint V} in the sense that for any B'er(B),
A1 eP(A)

(1.7) (B ¢ At ife BT C VY, (a') ;

V} itself is a monotone map 5?(A) —f>Jp(B), "universal quantification along

f" 3 in the set case
-1
Vo(ar) ={vle™(v) ¢ 2"},

as the reader may easily check. The fact that "right adjoint for pulling back"
1s a kind of universal quantification was pointed out by Lawvere in 1965, [10].

Besides the universal quantification E(f considered in (1.7), there is

also an existent

map P(4) —P(B
(1.8)

To construct Hf
the composite 4
of sets) 3f an
negation.
Besides the
versions, Note +t1
that this also 1i
homE(l,-) takes

should be maps ir
(1.9)

which by homE(l,
write 3f in;£ea
B(f) in Propositi

For any X,Y

XAY gives rise

In particular, we

this map is charac

(1.10)

in the set case,
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also an existential quantification 3f; for an f: A — B, 3f is a monotone

map P(4) —P(B) satisfying the dual of (1.7): for Are A4), B'e A(B)
(1.8) AYC £TH(BY)  ifr 3.(a") ¢ B,

To construct af(A'), just take the mono part of an epi-mono factorization of
the composite A'»>— A -i)B. 0f course, in a boolean topos (like the category
of sets) 3f and Vf can be constructed in terms of each other, by means of
negation,

Besides the Vf and Hf as given above, we shall need their intrinsic
versions, Note that f)(A) is the power set (gﬂ of subobjects) of A - but
that this also lives intrinsically in E, namely as AAN :QA. The functor

homE(l,—) takes A, to .P(A). The intrinsic version of .:.lf and Vf

should be maps in E:
(1.9) 3(£), V(£): Al —> BAN.

which by homE(l,-) go to the previously considered af,‘v%. Sometimes we
write Bf instead of B(f). We shall need the construction of the intrinsic
a(f) in Proposition 2.4. We now recall its construction:

For any X,Y +the exponential adjointness applied to the identity map of

XAY gives rise to an "evaluation" map
(XhY) = x =L 5 v,
In particular, we have
Ann) 4 =YX 50
3
this map is characteristic map for a subobject
(1.10) €, > (adq) =4 ;

in the set case, GA consists of pairs <ar c A,a> such that a € A', It
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is an intTinsic version of the € -relation from set theory.
Now, for f: A —>B, we get the intrinsic 3(£): AN —>Bh) as the
exponential adjoint of a map (AbQ)= B — (1, which we in turn get as

characteristic map of that subobject of (AAQ)xB which is the image of
€ C (ARQ) = A

under 1=f: (ARQ)= A — (AMQ) = B,
(This construction is due to Lawvere-Tierney).

A simple construction of V(f) may be found in [71.

2. Exact functors which preserve {2

In this section we shall study functors which preserve smaller or larger
parts of the intrinsic logic.
The functors we consider are all left exact functors (that is, finite in-

verse limit preserving functors)
o H —_—
(2.1) ¢: E—>E,

between two toposes. For such a functor ¢, since ?(1) =1 (terminal

objects are preserved), we will have a monic map
P(true): 1 = cp(l) —¢()

which will have a characteristic map

(2.2) ¥ 9@ —n,

where flo is the subobject classifier of the topos E .

Although it from some examples seems conceivable that one can give the

factorization desired under weaker assumptions, we shall in general assume

that ¢ preserv
we shall in gene
it is left exact
serves coequaliz

Because @

t0 a monotone ma

for each A€ |E}
existential quar

following diagre

(2.3)

commutes.

We shall si
(2.3) with 3
existential and
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preserves the b
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that @ preserves £ in the sense that ¥ in (2.2) is invertible, and also
we shall in general assume that @ is exact in the sense of [1] meaning that
it is left exact and preserves epic maps (this does not imply that it pre-
serves coequalizer diagrams).

Because ¢ is left exact, it will preserve monic maps and thus give rise

to a monotone map
Py Aa) —> Fle(a))

for each A€ |EL Because @ preserves epimorphisms, it will preserve
existential quantification in the sense that for each f: A-—B in E, the

following diagram

2(a) ——af—was)

(2.3) ﬂl J,‘Pé
Ploa) ——— Plgn)
AT

commutes.

We shall say that " q) preserves universal guantification" if the diagram

(2.3) with 3 replaced by Y commutes. Pinally, if P Dpreserves ) and
existential and universal quantification, it is natural to call ¢ first-

order logic—preserving.

The canonical isomorphism we have because ¢ preserves products

? : 9(a)x p(B) — 9(a=B)

will be denoted $A,B or @5, as indicated.

4 functor CP: S -8 (where S 1is the category of sets) preserves first
order logic if it preserves finite inverse limits and if ?(2) = 2. For, cp
preserves the notion of complement in the subobject lattices (which are here
boolean algebras) because it preserves 2. It preserves existential gquantifi-

cation because it preserves surjective maps (which have left inverses in g).




132

Finally, universal quantification can in this case be expressed in terms of
complement and existential quantification in the familiar way:

Vo(x') =~3,(x").

Thus the functor "ultrapower" described in (0.1) preserves first order
logic.
We now come to the key structure. Namely, for each A,Be¢|E| we have a

canonical map, generalizing (0.0),

(2.4) %A,B= @(atkB) —> @(A)h @(B).

This we get by exponential adjointness from the composite
P(AaB) = p(a) > @((an D) 2) ~HeTher)

where the first map is the canonical isomorphism coming from the assumption
that @ preserves products. In the language of closed categories, % makes

into a closed functor. In [7], we proved the following:

THEOREM 2.1. Tet ¢: E-—a-Eo be a functor between elementary toposes
which preserves finite inverse limits and {} . Then the following two state-

ments are equivalent:

(i) P preserves universal quantification

Py . A . . -
(11) for each A,B, the map ?AqB in (2.4) is monic,

The theorem will allow one to think of ?(AJNB) as a subset of

?(A)d\?(B) (in case ¢ preserves universal quantification), namely the "set

of internal maps from Q4 to (pB". In particular ¢ (AhSx ) ¢ QA AL can be

thought of as the set of internal subsets of @A (?A Afl Ybeing the full
power set of CPA). (Compare with (0.0) of the Introduction.) The fact that @
is monic will not be used in an essential way except in the proof of Propo-

sition 53.3. We do not know whether the assumption can be avoided.

We now co

preserving fun
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We now come to the construction, and consider a fixed 1lst order logic

preserving functor @: E —->§o.

DEFINITION 2.2. Call a map f: @(4) — 9(13) internal if its name
A
factors through H
g Py
f al
r_n o] ?
(2.5) T =1 —>@(AhB) — > QAP
for some fo. Call f a gtandard map if it is of the form ?(g) for some
g: A—3B in E.

A subobject A0>—*?A of ?A is an internal subobject provided its

characteristic map QA — Q) = 9Ll is an internal map. Note that the map a
itself is not internal as a map since for the notion of intermal map to make
sense, also the domain must be of form @(X) for some Xe¢|E|.

A map which is standard is also internal; if £ = @(g), then q('g’)
will do as f_ in (2.5).

The class of internal maps are closed under composition. This is a stan-
dard exercise in closed category theory (see e.g. [2], Theorem 6.6, p. 449).
Also, from closed category theory, one derives a canonical 1-1 correspondence

between internal maps

P(a) —> 9(Bhc)
o(4=B) > ¢(C) ’

(2.6)

both sets of internal maps being indexed by the set of maps
1 —@(an(BhC)) 2((axB)AcC),

Since @ preserves pull-backs and internal maps compose, it is easy to
see that pulling internal subobjects back along internal maps yields internal
subobjects. For existential or universal quantification along internal maps,
the same is true, but non-trivial. We shall only use and prove a weaker

statement in this direction.
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PROPOSITION 2.3. Existential quantification along a standard morphism i

preserves the notion of internal subobjects, Explicitely, if f£: X —>Y is a

map in E, then the following diagram commutes:

3(e(£))

P(x)aQ ) A0
(2.7) $T T?P
Pxma) ——— ¢(¥aN2)

9(2(£))

We need a Lemma,

LEMMA 2.4. The functor ¢ preserves the € -relation in the sense that,

inside (Q(X)h Q)= (X)
P(&y) = (@(x2)= p(X)) GCP(X)’

P(XAQ )= @(X) being viewed as a subobject of (Q(X)M) )= @(X) by means of
P = 1.

Proof. This is an easy consequence of the fact that ¢ preserves pull-

backs.

Proof of Proposition 2.%. To prove (2.7) commutative we pass to exponen-

tial adjoints; the desired equality is then the total equaltity in the string
=1+ AQ(£)) =1 - ev

P SICHIN CSY by definition of 3(g(f))

= 3 D = ~lie - i

ch( 1x?(f)(? 1)7H( Q(X)n by pull-back mturality of ch
= ch(31‘?(f) ((P(GX))) by Lemma 2.4
=9 ch(a?(l‘f)(q(ex))) by pull-back naturality of ch
. % . ch(?(allf(ex))) since @ preserves existential

quantification

= ? . ?(Ch(slnf(ex))) since @ preserves pull-backs
=@ P(A(£) =1 - ev) by definition of d(f)

= @(A(£))*x1 - Px1 - ev .

A relati-
another relat:
is defined as
factor) of thi
proj;é(R) wi
relations. An

R— @(X)= ¢ (.

is an interna:

Since co
stential quan
is easy to col

backs that

PROPOSIT:
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A relation from X to Y is a subobject R of X=Y, If & is
another relation from Y to Z then the composite relation from X to 2
is defined as the 3 . (image along projection to first and third

pProjyz
factor) of that subobject of Xx*Y xZ which one gets by intersection
proj:_L]é(R) with proj;%‘(s). In the set case, this is usual composition of

relations. An internal relation from q)(X) to q)(Y) is a relation

R>— @(X)x ¢(¥) from @(X) to @(Y) such that
R— @(x)* ¢(¥) = 9(XxY)

is an intermal subobject of @ (X=7Y).

Since composing relations involve pull-backs, intersection, and exi-
stential quantification along projections, which are of course standard maps,it
is easy to conclude from Proposition 2.3 and the fact that ¢ preserves pull-

backs that

PROPOSITION 2.5. The class of internal relations is closed under

relational composition.

Those relations we actually are interested in, are certain "partial maps™"
(the pseudomaps of the definition below). Relational composition of such does
not require application of any existential quantification. That existential
quantification is preserved may therefore be a redundant hypothesis on Y’

We are now ready to describe the factorization mentioned in the intro-
duction,

We define the category _12* as follows:

The objects are triples (Ao,a,A) where A € |§0| , A€e|E|, and

a € HomE (Ao,tp(A)) is a monomorphisms such that
=0
a
A >—> o(4)

is an internal subobject of ¢(A). (One should see A  as the main aspect of
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such an object; <p(A) plays only the role of "atlas".)

The morphisms between (Ao,a,A) and (Bo,b,B) in E* are the morphisms

5 . : — i n " . N D
in Eo hid Ao BO with the property that "the graph of ally (a,f b (PA,B

is an internal subobject of L;D(AXB). The morphisms of E* are called

Pseudo-morphisms, and its objects pseudo-objects, in analogy with [141.

It follows from Proposition 2.5 that the composite of two pseudo-mor-
phisms is a pseudomorphism. Also, identity maps of pseudo-objects are pseudo-
maps.

> . 7 - i

If fe€ HomE(A,B) then <1?(A),f{1(f) ?A,B = ?(<1A,f>) is a standard

subobject.

Hence we lave a well-defined functor
$: E —>E*

F(8) = (9(a), 24,y,4)

g(r) - (o).
Also we have a canonical functor
v: B —E
‘\p(Ao,a,A) = A
w(f) = £,
Clearly we have that
9 equals @ followed by .
The properties of this factorization will be investigated in the next

section. We shall need the following Lemma

LEMMA 2.6. Suppose that we have a commutative square

P(x) —LE— o(¥)
< | [ v
XOT YO

where =X_ and
Then h0 is ¢
played as lef"

The proo:

3. Properties
The cate

¢(x) — (Y)

not a ‘topos;

have too few

remedies this

PROPOSIT:

Proof. B;
object, equal:
construct usii

preserves and

Also, v
object of a p:

in E¥ of the

This is used -

PROPOSIT:

1y the pseudo-
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where x_and y are internal subobjects and where h is an internal map.
Then ho is a pseudomorphism.(between the objects X1e|§f| and Yleyg*( dis-
played as left and right hand column in the diagram).

The proof is straightforward and omitted.

3. Properties of the factorization

The category of objects of form q(X) and with internal maps
q(X) —*»Q(Y) as morphisms can be proved to be cartesian closed. But it is
not a topos; it is not even finitely left complete because in general it will
have too few equalizers. The introduction of pseudoobjects and pseudomaps

remedies this.

PROPOSITION 3.1. The category E* has finite inverse limits.

Proof. By general category theory, it suffices to produce a terminal
object, equalizers and bimary products. All these things are immediate to
construct using Proposition 2,3. - in fact, in such a way that Y: E& —ﬁ-@o

preserves and reflects them.

Also, 1 preserves and reflects isomorphisms and monomorphisms. Any sub-~
object of a pseudo-object b: B0 *— @B can be represented by a monomorphism

in E? of the form

£.b I Ib

—_—
Ao f Bo

This is used together with Lemma 2.6 in deriving

¥
PROPOSITION 3.2. The category g* has a subobject classifier 0 , name-

ly the pseudo-object




*
and identifying 2 with () 9 true® is identified with true: 1 —> ().

The more difficult thing about the category _F.j* is that it has
higher order structure, (that is, exponentials). As we know by Corollary 1.2,

it suffices to show that it has intrinsic power "set" formation, that is, if

B, = B, >——> ¢(B)

LR
is an object of E*, there is another object in _E_*, Blrh_ﬂ_ with the correct

universal property: that subobjects of a product object Alx Bl in _Fi* are

in a patural 1-1 correspondence with maps in E*

*

_

Ay B, AQ .
®

We define Blrhﬂ to be the left hand column in the pull-back diagram

~
P(BAN) —F— LY oN

(3.1) T Tgb

_—
D B Aoy

It is true but not at all obvious that D becomes an internal subobject of

?(BH\Q). (T_he proof of this fact will be sketched below). The idea in proving

the universal property consists in the observation (Proposition 3.3 below)

that although it is not in general true that pseudo-maps ho: X, =&Y, are re-

1 1

strictions of internal maps,(that is, come about by the procedure given in
Temma 2,6) this is true if Y is of the form Ball . Our proof of this

special kind of injectivity property of Q(Bﬂ\ﬂ) hinges on ¢ preserving
universal quantification, that is, by Theorem 2.1, on the monicness of the

canonical map

6';]3,9.: g(BoO) —>q(B)0 Q) .

A
For, CPB,Q being monic, the construction of a map into q)(BchD.) is equiva-

lent to the c¢
by the univer:

constructing 1

PROPOSIT:

diagram below.

(and converse.

The uniw

via the chain

extend
pass by

restrict
AOXB0 —
The passage tl
ternal maps;
Of cours
relations giw
We are n
p: D> P(Bh
XOH?X an

X —9L=0

1 — @(xaQ),
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lent to the construction of a map into ?B AQ) satisfying certain conditions;
by the universal properties of A anda (), of course one has good chances of

constructing maps ending in ?Brhﬁ_ . HNe have in fact

PROPOSITION 3.3. Every pseudomap h: Al

diagram below) can be extended to an internal mp h' (dotted)

*
—>B1r’hﬂ* (bold arrows in the

ht

Ph > ¢(BAQ)
A, - >

(and conversely, the bottom map in such a square is necessarily a pseudo—map).

*
The universal property, to be proved for Bl(hﬂ* now essentially goes

via the chain of relations
*
5 E——
h: A By QY
extend to h': P A —> ¢(BAQY)
pass by (2.6) to: CP(A*B) —-)Q(Q.) =0

restriet along

t .3
. ey
A xB, —> ¢(AxB) to: AxBj o .

The passage the other way uses extendability of pseudomaps into .Q.* to in-
ternal maps; this extendability also follows from Proposition 3.3.

Of course a good deal of checking is required to actually prove that the
relations give rise to a 1-1 correspondence. We omit them.

We are now going to sketch the proof that the "power set pseudo object"
F.: D>— (P(Bd\ﬂ) constructed above is actually internal. In general, proving
XOHCPX an internal subobject means displaying its characteristic function
X — ¢ =1 as an internal map, which is again achieved by displaying a map

1 — (X&), a "witness of intermalness of the subobject". Now, in the data
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for construction of D, we have D: BO>——9qB, an internal subobject. If the THEOREM
witness of its internalness is b: 1 — ?(Bﬁdl), then we can consider the between topos

composite map

(3.2) 1 _g) P(BAO) ﬂs—eﬁ%((Bd\Q) ~0).

where "the segment map" seg: BAO — (BAN)AN is the exponential adjoint with E¥ a ¢
of the characteristic map of the inclusion-order-relation on BAQ (this

properties
order-relation can be viewed as a subobject of (Bmfl)x(de))). Set- ;
theoretically, seg assigns to a subset B! of B a certain family of sub- %)
sets of B, mamely the family of all B" with B" C B'. Now, the map (3.2)
- Proof. M

is a witness of internalness of some subobject of ?(Bdﬁ)), and it turns out

section 2. It
to be precisely a witness of internalness of the subobject D, To see this

By constructi
requires essentially two "segment" theoretic Lemmas, the one expressing

preserve fini
P(seg): in termsof the segment mapping for @BAQ , the other one being the

~ r because ¢ p
. 3 7 .
equation ch(b) * seg = ch(ab) e The former is obvious to formulate and

factorization
prove, the latter is obvious for the category of sets, a little harder for a

epics, we not
general topos.
then its grap

We omit details; they may partly be found in the preliminary versions of

3 . to
the paper; partly the construction is now subsumed under the more general and q(pr032)

sition 2.3, w
slightly smoother formulation of Volger [17]. His proof also requires the

factorization
functor to preserve universal as well as existential quantification.
use that -y
Combining these remarks with Corollary 1.2 yields
The fact

PROPOSITION 3.4. E* has exponentiation. diate from th

Recall that we called a functor which preserves finite inverse limits, 3

existential and universal quantification, and finite coproducts a 1lst order

Prom this and
logic preserving functor. We called it higher order logic preserving if it

out of "power
furthermore preserves exponentiation,

+tial objects.
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THEOREM 3.5. TLet @: g-—ag% be a 1st order logic preserving functor

between toposes. Then there is a factorization

P
E—>E

3\ E*/‘ wo

with g* a topos, § and WY both 1st order logic preserving and with the
properties
;l preserves higher order logic

¢ preserves elements (i.e., the map (3.3) below is bijective).

Proof. Most of the work has been done. We take E: ;,19 as described in
section 2. It is a topos, by the Propositions 3.2, 3.2, 3.4 and Corollary 1.2.
By construction, ; and W preserve {1 , and it is easy to see that they
preserve finite inverse limits. The fact that ; preserves epics follows
because ¢ preserves epics and Y reflects isos (using also that epi-mono
factorizations exist in Ef because it is a topos). To see that Y preserves
epics, we note that if h is a pseudomorphism from (Ao,a,A) to (Bo,b,B),
then its graph M is an internal subobject of ?(A.xB). If we apply
3 . to it we get an internal subobject of ?(B), according to Propo-

¢(proj,)

sition 2.3, which is actually the image of <y(h): A, —> B_. Thus epi-momno
factorization of w(h) can be lifted back to a factorization in E*. Now we
use that % preserves isomorphisums.

The fact that $ preserves exponentiation of the form BAQ)L is imme-

diate from the constructing diagram (3.1), with

. =3. = id
b ld?(B)

BhAO °

From this and the construction (Corollary 1.2) of general exponential objects
out of "power-set" objects, it easily follows that ; preserves all exponen-

tial objects.
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Next, 4y preserves points. Let Al = (Ao,a,A)Q LE*]. Then the map given

by
(3.3) hompu (1,4, ) —> homy, (1,4 )
= =0

(AO = v(Al)) is injective since YW is faithful. It is surjective since

every 1 — Ao is a pseudo-map; for, its graph is a map
?(1) = 1 —> q(1x4),
and every map out of ?(l) is internal; +this follows from
(1ha) = @(a) 2 ¢(1)ho(a),

the composite isomorphism being $1,A' Now we use the general fact that a
monic internal map is also an internal subobject. This fact follows because if
r&,Y: XAY — (XxY)h) denctes "graph formation",
‘P(PX,Y) §= & rq;X,<pY .
That $’ and 1 preserve coproducts is easy.
Finally we must prove that ; and o preserve universal quantification.
By Theorem 2.1, % is monic. Therefore, the constructing diagram (3.1) for

power set objects in E* has a monic map as its bottom arrow; but this arrow

: 1 1 °

From this, one deduces that all instances of {b are monic, and then again by
A

Theorem 2.1 we get that 7 preserves universal quantification. Also, § has

all its instances mono - (even iso—) morphisms, so again by Theorem 2.1, ‘$

preserves universal quantification. The theorem is proved.

|
|
1
|
E
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