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Abstract

We elaborate a suggestion of Grothendieck, and study the invariant sheaves for a local equiva-
lence relation on a space (e.g., a foliation). One of our purposes is to compare this to the standard
model for the leaf-(quotient-)space of a foliation, given by the holonomy groupoid. To this end,
we prove that, under suitable connectedness assumptions, Grothendieck’s invariant sheaves can be
described in terms of a closely related, but different, “monodromy” groupoid.

Our second purpose is to prove that every étale groupoid arises this way.
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Introduction

The idea of an equivalence relation given locally on a topological space was intro-
duced by Ehresmann {7], and by Grothendieck and Verdier in SGA4 [1], as a possible
way to study foliations. In the framework of SGA4, these so-called local equivalence
relations naturally come together with particular kinds of sheaves on the space, namely
those sheaves which locally admit transport along the equivalence classes of the local
equivalence relation. In particular, it was conjectured in SGA4 that under suitable (rather
abstract) conditions, these sheaves collectively have particularly nice properties; more
precisely, they form a topos, in fact of a special kind: a so-called étendue.

The purpose of this paper is to review and develop these suggestions made in SGA4.
Our first main result (after recalling the notion of local equivalence relation r on a space
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M, and the notion of r-sheaf on M) is a simple geometric description of these r-sheaves:
under certain connectedness assumptions on r (namely that locally the equivalence classes
are simply connected, see the end of Section 1), they are precisely the sheaves on M
which are covering projections for the leaf topology on M induced by r (see Theorem 2.8
below).

Next, we associate (in Section 3) a topological groupoid to a local equivalence relation
r, satisfying the connectedness assumptions, the so-called monodromy groupoid of r,
denoted IT(M,r). This construction generalizes that of the monodromy groupoid of a
foliation, considered in [22], and, e.g., in [21,4]. The simple geometric description of
r-sheaves just mentioned enables us to show that the r-sheaves are precisely the sheaves
admitting a continuous action by this monodromy groupoid, Theorem 3.6.

In Section 4, we construct a topological groupoid G, smaller than the monodromy
groupoid IT(M, ), but determining the same category of equivariant sheaves. In partic-
ular, the category of all r-sheaves on M is also equivalent to the category of sheaves
equipped with a continuous action by this smaller groupoid G. This groupoid G has the
special property that its source and target maps are local homeomorphisms (so G is an
“étale groupoid”).

From the equivalence already mentioned between the category of r-sheaves on M and
the category of sheaves with a G-action,

sh(M,r) =~ (G-sheaves), N

it is clear that sh(M, r) is an étendue topos, as conjectured by Grothendieck and Verdier.
(These topos theoretic aspects will be deferred to the Appendix of this paper.)

We observe that the equivalence of categories (1) provides us with a topological
description of the weak homotopy type of the topos sh(M, r). Indeed, by a result of [19],
the topos of G-sheaves has the same weak homotopy type as the classifying space BG
of the groupoid G. It follows, by the essential equivalence between the groupoids G
and IT(m,r), that sh(M,r) has the same weak homotopy type as the classifying space
BIT(M,r) of the monodromy groupoid.

After this analysis, we can achieve the two goals stated in the Abstract.

As to the comparison with the holonomy, the standard constructions [7,32,21] of the
holonomy groupoid of a foliation apply also to a local equivalence relation r on a space
M, so as to define a groupoid Hol(M, ), which serves as a model for the quotient space
of M by r.

Using our equivalence between Grothendieck’s category of r-sheaves and that of
monodromy-equivariant sheaves, the comparison of r-sheaves with the standard “holon-
omy” quotient space can therefore be achieved, by utilizing a more or less well known
surjection from monodromy to holonomys; in fact, we will give an indirect construction
of the holonomy groupoid as a quotient of the monodromy groupoid, as constructed
here. It will be clear that these two groupoids are in general quite different, as are their
categories of sheaves (and also the weak homotopy types of their classifying spaces).

As to the second purpose stated in the Abstract, we prove that for any étale topological
groupoid H (i.e., source and target maps are local homeomorphisms), one can construct
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a suitable space M equipped with a local equivalence relation r, so that H is essentially
equivalent to the monodromy groupoid of r (and hence sh(M,r) ~ (H-sheaves)). This
shows that every étale groupoid occurs as the monodromy groupoid of a local equivalence
relation on a topological space. A topos theoretic formulation of this result is given in
the Appendix.

Topos theoretic aspects of local equivalence relations are also discussed in [14]. Here
an analogue of Theorem A.4 is proved for locales, by a construction quite different from
the one in Section 5, and no study is made of the associated groupoids.

1. Local equivalence relations

The motivating example is that of a foliation on a manifold, cf., e.g., [15]. Recall
that the leaves of the foliation may be given locally as the level sets of submersions,
thus (still locally) as the equivalence classes of suitable equivalence relations. The set
of leaves, topologized by the quotient topology, is generally too coarse an object for
studying the transversal structure, and several finer types of mathematical structures
have been proposed, cf., e.g., [3,8,11,20,23]. The theory proposed by Grothendieck and
Verdier [1] for this study is based on their notion of local equivalence relation: Consider
for a given topological space M and any open subset U C M the set £(U) of all
equivalence relations R C U x U on U. For V C U, there is an evident restriction map
EWU) — E(V), sending a relation R C U x U to its restriction R|V := RN (V x V),
and this gives £ the structure of a presheaf on M it is not a sheaf, in general.

Definition 1.1. A local equivalence relation on the space M is a global section r of the
sheaf £ associated to the presheaf £.

We recall how the global sections of a sheaf P associated to a presheaf P on a space
M are constructed. In the literature, this is usually done by constructing the sheaf space
(local homeomorphism to M), consisting of germs of “elements” of P, at the various
points. For the present purpose, a description in terms of atlases is more appropriate:
Given any presheaf P on a space M, an atlas in P, or more precisely, an atlas for a
global section of P, consists of a family

U={Usp) il @

where the U;’s form an open covering of M, while p; € P(U;) for each i, and which
satisfy the local compatibility condition that, for all i, j, there exists a cover of U; N Uj;
by open sets W for which p;|W = p;|W.

If U is an atlas, as in (2), the individual (U;,p;)’s are called its charts. An atlas
V= {(V;,q;) | 7 € J} is said to refine U if for each index j € J, there exists an index
¢ € I such that V; C U; and p;|V; = g, ie., (V},q;) is a subchart of (U;, p;). Every
global section r of the sheaf P associated to P is given by some atlas in P; conversely,
every atlas in P determines a global section, while two atlases define the same r iff they
have a common refinement. Given a global section r, a pair (U, p), where p € P(U),
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may be called a chart for r if either of the two equivalent conditions hold: (1) there
exists some atlas U for r with (U, p) as a member, (2) for every z € U, the germ of p
at z equals r(z).

Returning to the special case of the presheaf £ and its associated sheaf 8~ a local
equivalence relation 7 on M may thus be given by an open cover M = |JU,, and
for each ¢ an equivalence relation R; on U;, such that each point x € U; N U; has a
neighbourhood W on which E; and R; agree. Clearly any foliation on a manifold M
determines a local equivalence relation r on M; other examples will be discussed in the
course of the paper.

One of Ehresmann’s approaches to the foundations of foliation theory {7] goes via
the consideration of a topological space equipped with a further, “fine”, topology. Such
fine topologies appear also in the context of local equivalence relations and have been
considered in [, p. 487] and in [28]. We shall need the following elaboration of this idea.
Let R be an equivalence on a topological space M. Then we can introduce a new finer
topology Mg-ane On M by taking as basic open sets any set of the form U NQ, where Q
is an equivalence class for R and U is open for the original topology. Thus this topology
is the coarsest for which the original open sets as well as the equivalence classes for R
are open; and MRg-fne 1S topologically the disjoint union of the equivalence classes for
R, each of them with its subspace topology from M. If r is a local equivalence relation
on M, we define a new finer topology M,_fne on M by letting the basic open subsets
be sets of the form V N Q where V is open in M, and @ an equivalence class for R,
where (V, R) is some chart for r. Such equivalence classes are called plagues. Since
(UNV,R|{(UNYV)) is also a chart for r if (U, R) is, these basic open sets may also be
described just as the plaques.

Proposition 1.2. Let r be a local equivalence relation on a space M, and let (U, R) be
some chart for r. Then the inclusion Up-gne > My-fine is continuous, and makes URg-gpe
an open subspace of Mr-sne. In particular, if v is given by a global equivalence relation
R on M, then Mp-fine = Mr-fine.

Proof. Consider a basic open set in Mg, given by an equivalence class @ for S,
where (V, S) is a chart for r. To prove continuity of the inclusion, we must prove @ NU
open in Ug-fire- Let € QNU. Since R and S have the same germ at z (namely r(x)),
we may find an open W C M with z € W C U NV, and such that R|W = S|W. Let
xR denote the equivalence class of = for R, and similarly zS. Then xRN W is open in
UR-fine and zZRNW =25 NW C 25 NU, so xRN W witnesses that z is an interior
point, for the R-fine topology, of zSNU = QNU, and this proves continuity. Since the
inclusion Ug-fine “ M -gne by construction of M,._g,e takes basic open sets to open sets,
it is clear that this inclusion is open. O

Recall that an equivalence relation R on a space M is called open if the saturation of
any open set under the equivalence relation is again open; equivalently, if the quotienting
map M — M/R is an open map; or again equivalently, if the projection map R — M
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given by (z,y) — z is open (where R C M x M is given the subspace topology). We
shall only consider open equivalence relations. An equivalence relation R on a space M
is called connected if its equivalence classes are connected subsets of M, and locally
connected if M has a basis of open sets U such that the restriction of R to U is connected;
similarly for simply connected and locally simply connected, and for path connected and
locally path connected.

Now some properties of local equivalence relations on a space M are defined in terms
of properties of atlases If and their individual charts (U, R). A chart (U, R) is open if
R is an open equivalence relation. Any subchart of an open chart is clearly open. An
atlas is open if all its charts are. All refinements of open atlases are automatically open.
A local equivalence relation is open if it has an open atlas. An atlas is locally (simply)
connected if all its charts are, or equivalently, if every refinement of it may be refined by
a (simply) connected atlas, i.e., one where all charts are (simply) connected. Similarly
for locally path connected. A local equivalence relation is locally (simply) connected if
it has some locally (simply) connected atlas, or, equivalently, if every atlas for it can be
refined by a (simply) connected one. Similarly for locally path connected.

The local equivalence relation associated with a foliation on a manifold is locally
connected, locally simply connected (and open). On the other hand, the singular foliation
on the plane given by concentric circles around the origin, comes from a local (even
global) equivalence relation which is locally connected, but not locally simply connected.

2. Sheaves with transport

Fundamental to the Grothendieck—Verdier approach is the notion of a sheaf equipped
with transport along, or action by, a local equivalence relation; and this in turn derives
from the notion of transport along a “global” equivalence relation, so we recall this
concept (it is actually just a special case of the notion of action by a topological groupoid):
Let R be an equivalence relation on a space M, and let p: E — M be a space over M.
A transport along R in E is given by a continuous map

V:Rxy E— E
satisfying
p(V((y,2)(e)) =y

(for (y,z) € R and p(e) = x), as well as the “unit” and “cocycle” conditions (writing
Vy.a(e) for V((y, z)(e)))

Vaz(e) = e,
Vi (Vyz(€)) = Vaz(e).

Remark 1. Observe that if a sheaf F carries such transport by R, then the restriction of
E to each equivalence class Ry is a constant sheaf.
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We proceed to discuss action or transport on sheaves by local equivalence relations,
which is our main concern. Suppose we are given a topological space M and a sheaf E
on it. We shall consider sheaves on M in terms of the sheaf spaces E — M, a space
E — M being a sheaf iff the map E — M is a local homeomorphism, also called an
étale map. Suppose we are given such a sheaf p: £ — M. For any open subset U C M,
we consider the set T (U) consisting of pairs (R, V), where R is an equivalence relation
on U and V is a transport along R|U on E|U = p~!(U). For V C U, there is an evident
restriction map Tg(U) — Tg(V), and this gives Tx the structure of a presheaf on M.
Furthermore, there is a “forgetful” map p:Tg — £, given by (R,q) — R € E(U) for
(R,q) € Te(U). Let Tg and £ be the associated sheaves, so that p induces a map of
sheaves p:TE - €. Consider a fixed local equivalence relation r on M, i.e., a global
section r of £.

Definition 2.1. An r-transport on the sheaf E is a global section ¢ of Tr such that
p(t) = 7. An r-sheaf on M is a sheaf on M equipped with r-transport.

Remark 2. Recall from Section 1 the fine topology Mg On a space equipped with a
local equivalence relation r; since r is fixed in what follows,we omit it from notation:
we shall in fact write Mesr instead of My -gqe to stress the relationship to foliation theory,
where this topology is usually called the leaf topology. Let p: E — M be a sheaf on
M. Write Ey for the space E but equipped with that unique fine topology making the
given map p: E — M an étale map into Me,r. If p: B — M has the structure of an
r-sheaf, then p is a covering projection when viewed as a map Ejear — Miear (i.€., Elear
is a locally constant sheaf on Miesr). This follows from Remark 1.

We shall study only the case of a locally connected r, where the situation simplifies
considerably, due to

Theorem 2.2. Let r be a locally connected local equivalence relation on a space M.
Then any sheaf E on M has at most one r-transport.

Proof. Suppose s and s’ are two transports on the sheaf p: E — M for the local
equivalence relation 7 on M. Consider any point z € M; we will show that s and s’
have the same germ at x. To this end, choose charts (U, R, V) and (U, R,V’) for s
and s’, with the same underlying chart (U, R) for r, where U is a neighbourhood of z.
Since r is assumed to be locally connected, we can choose U so small that (U, R) is a
connected chart. Let y be any point, and consider the two maps (where Ey denotes the
stalk of E over y, and Ry the equivalence class of y)

Vy, Vy: Ry x E, — E|Ry

given by V,(z,€) = V ,(e) and similarly for V. By the unit and cocycle conditions for
transport, Vy, has a continuous inverse V! defined by V-1(e’) = (p(€'), Vy p(ery (€1)).
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Consider for each e € F,, the embedding Ry — Ry x E, given by z — (z,e). Then
the composite

’ —1

v v roj
Ry——>Ryx E,—>E|Ry—>Ryx E,™ - E,

is a continuous map from the connected space Ry into the discrete space Ey, hence is a
constant map, necessarily with value e since it takes the value e at y. Thus V'V (z,e) =
(z,e), for any z € yR. It follows that V, = V;. O

Remark 3. If r is locally connected, then for a sheaf E to be an r-sheaf, it suffices
to give transports on E by each of the equivalence relations in an atlas for r; local
compatibility is then automatic, by the uniqueness.

From this, it also follows that the property of being an r-sheaf is a local property,
i.e., if the base space M is covered by open sets U such that the restriction of the sheaf
E — M to each U is an r|U-sheaf, then E is an 7-sheaf.

It is possible to define the notion of transport preserving map between two r-sheaves
on M, so as to obtain a category, equipped with a faithful functor to the category sh(M)
of all sheaves on M. For the case of a locally connected local equivalence relation, this
functor can be proved full and faithful. Since we shall be interested only in such local
equivalence relations, we take the easy way out and put:

Definition 2.3. Let r be a locally connected local equivalence relation on a space M.
The category sh(M,r) is the full subcategory of sh(M) determined by those sheaves
that admit an r-transport (necessarily unique, by Theorem 2.2).

Example 2.4. Let M be a space equipped with an open local equivalence relation r, and
let T be an arbitrary space. Let U C M be open. A function f:U — T is r-invariant
in z € U if there exists an open V, z € V C U and a chart (V| R) for r for which f is
constant on the equivalence classes of R; f is called r-invariant on U if it is r-invariant
in all £ € U. The germs of r-invariant T-valued functions form a subsheaf of the sheaf
of germs of all T-valued functions on M. Let us denote it F(r, T).

Since the equivalence classes in all charts for r (the plaques) form a basis for M.y,
it follows that if f:U — T is r-invariant, then it is locally constant on U, (= U,
equipped with the topology induced from M,e.s). The converse holds if r is assumed
locally connected; for if x € U is an arbitrary point, we may pick a chart (V, R) for r
with x € V C U, and with connected equivalence classes. These are then open connected
sets in Ulear, SO f is constant on them, so f is r-invariant in x.

If r is open (not necessarily locally connected), we shall equip F = F(r,T) with the
structure of an r-sheaf. For any open chart (U, R), there is a canonical map 6 = 6y g,

9:R xy (F|U) - F|U,

and these 6y, g will form an atlas for an r-structure on F. To define fu.r, let (y,z) € R,
and let f, € Fy, (x € U). Then there is an open V with z € V C U and a continuous
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function f:V — T which is invariant for R|V and has the given f, as germ at z.
Then f extends uniquely to an R-invariant f*:V™* — T, where V¥ is the saturation
of V under R. It is an open set, since R is an open equivalence relation, and f¥ is
continuous since V/(R|V) is homeomorphic to V*/(R|V*) (by openness of R and
hence of the quotienting map). We define 8((y, z)(f.)) as the germ of f* at y. Thus in
the neighbourhood of ((y, ), fz) given by V** x V, and f* (the latter being a section
of F, thus defining a neighbourhood of f, € F), 6 is given by

(ylam/’ fz’) = f+ /’
and thus is clearly continuous. The unit- and associative laws are clear. If (U’, R')
is a subchart of (U, R), then clearly 6y r and 0y g agree on U’, and from this the
compatibility conditions for the 8y, g’s follow.
One may also consider a vector field X on a manifold M; the local integral curves
for it define a local equivalence relation r (actually a one-dimensional foliation, possibly

with singularities). The sheaf of germs of smooth functions f on M which satisfy the
partial differential equation X (f) = 0 is an r-sheaf.

For the rest of this section, we shall be interested in locally connected and open
equivalence relations, local as well as global.

Theorem 2.5. Let R be an open, connected, locally connected equivalence relation on
a space M, and let p: E — M be a sheaf whose restriction to each equivalence class
is constant . Then E admits an R-transport (and conversely, by Remark 1).

Remark. A third equivalent condition is that E “descends” to M/R, meaning that it is
of the form ¢*F' for some sheaf F' om M/R, where ¢: M — M/R is the quotienting
map. This condition will not play any role in the main body of the paper.

Proof. The assertion that E|Rx is a constant sheaf means that there is given an action
8:R xpy E — E whose restriction to each equivalence class Rx is continuous. The
assertion to be proved is that § is actually continuous on the whole of its domain. Let
(y,z) € R, and let e € E with p(e) = z. We prove continuity of the action 6 in the
point ((y, z), e). Let X denote the equivalence class of z (and y). For each £ € X, there
exists a neighbourhood V' of ¢ in M, and a section s over V' with

s(t) = 6(t, z)(e),
and such that R|V has connected equivalence classes (this uses local connectedness of R).
Therefore by connectedness of X, there exists a chain of such neighbourhoods U,,, ..., Up
with y € Uy, z € Uy, with U; NU;_; N X nonempty, and with sections s; : U; — E with
si(t;) = 0(t;, z)(e) for suitable t; € U; N X. Since s;(—) and 8(—, z){e) are continuous
sections of E over the connected set U; N X, and since they agree in the point ¢;, they
agree on all of U; N X,

si(t) = 0((t,y),e) forallte UyNX.
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The right hand side here does not depend on i, so in particular s; and s;—, agree on
U; NU;—y N X, and since this set is nonempty, say z; € U; NU;_; N X, it follows from
étaleness of p that we may find open subsets V; with z; € V, C U; N U,_,, on which s;
and s;_1 agree. For any open set W, write W R for its saturation under R; it is an open
set, because R is an open equivalence relation. Again, because R is open, we may pick
a sequence of open sets Wi, ,1,..., Wy around vy, zy, . .., 21, z, respectively, with

y IS Wn+1 g Una
m €W, CV, NWy R,

zi €W, CVinWiR,

zZ] & W] g‘/] mWZRa

T &€ WO g UOﬁW]R
We claim that

snly') = 8(y", 2" }(€) 3)
for all ¥ € Wyy, 2/ € Wy, and €' € so(Wg) with p(e’) = 2’ and 3’ Rz’. From this,
the continuity of @ in the neighbourhood of ((y,x),e) given by Wyy1, W, so(Wo),
immediately follows. To prove (3), pick w; € W; with wyRz’ and pick inductively
w; € Wi with w; Rw;_;. Al the points y', w,,, ..., w;, 2’ belong to the same equivalence
ciass, X', say. Now note that £ restricts to a constant sheaf over each equivalence class,
and so and §(—,z')(e’) are continuous sections of E over the connected set Uy N X”,
and they agree in z', so they agree on all of Uy N X', in particular in w;: so(w;) =
O(wy,z'){e') =: e1; also s, and @(—,w)(e;) are continuous sections of E over the
connected set U/} N X', and they agree in w,, since

s1{wi) = so(wy) = e; = §(wi, wi}(er)

(the first equality since wy € Vj where sg and s; agree), so they agree on all of U; N X',
in particular in wy:

s1(wa) = O(wa, wi)(er) = O(wy, w1 )0(wy, ') (") = O(wy, z')(€)).

Proceeding in this way, we get (3} after n steps, and the theorem is proved. O
For local equivalence relations, we then get as a corollary:

Theorem 2.6. Let r be an open, locally connected local equivalence relation on a space
M, and let E be a sheaf on M. Then the following conditions are equivalent:

(1) £ is an r-sheaf;

(2) there exists an atlas U for T such that E is a U-sheaf, i.e., U consists of charts
(U, R) with the property that E|xR is a constant sheaf for each © € U (where zR
denotes the equivalence class of x under R).
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Proof. Assume (1), and take an atlas for the r-structure on E. For each chart (U, R) of it,
R acts on E|U, so E|zR is a constant sheaf. Conversely, assume (2). So there is an atlas
U such that E is a U-sheaf. Then clearly for any refinement U’ of U, E is a U'-sheaf. By
the assumptions on r, we may find a refinement U’ of U whose charts (U, R) are open,
connected, and locally connected. Since F is a U{'-sheaf, it is constant on each of the
equivalence classes Rz for each chart (U, R), and by the previous theorem, therefore,
E|U carries R-transport. By local connectedness of r, this means that E is an r-sheaf
(cf. Remark 3). O

Corollary 2.7. Let r, E, and M be as in Theorem 2.6. If Eiar — Miear is a constant
sheaf, E — M is an r-sheaf.

Proof. For any atlas for r, each plaque z R is not only a subspace of M, but also of M.y,
by Proposition 1.2. Therefore E|zR = FElea|xR, which is constant. Thus the theorem
implies that E' is an r-sheaf. O

In general, the assumption of constancy in this corollary cannot be replaced by local
constancy. But it obviously can if r is furthermore assumed locally simply connected:

Theorem 2.8. Let r be a local equivalence relation on a space M, and assume that v
is locally simply connected (as well as locally connected and open). Let E — M be
a sheaf. Then E is an r-sheaf if and only if Eear — Miear Is a covering projection
(= locally constant sheaf).

Proof. The implication = was already argued in Remark 2, and does not depend on
the special assumptions on r. Conversely, assume that Ej.,;s — M is a covering
projection. Choose any simply connected atlas U/ for 7. Then for each chart (U, R) of i,
any equivalence class R is not only a subspace of M, but of M., by Proposition 1.2.
Therefore E restricts to a covering projection on each such equivalence class xR. But
these equivalence classes are simply connected, so E|zR is a constant sheaf. By the
previous theorem, therefore, E' is an r-sheaf. O

Remark 4. From the proof, we in fact see a little more: if £ — M is an r-sheaf, and U
is any simply connected atlas for r, then E is a I{-sheaf, i.e., the r-action can be defined
on the atlas . In other words, with self-explanatory notation, the inclusion sh(M, /)
C sh(M,r) is an equality.

Let us remark that Theorem 2.8 is not in general true without the simply-connectedness
assumption on 7:

Example 2.9. Consider the (open, locally connected) equivalence relation R on the com-
plex plane C whose equivalence classes are {0} and the circles with center in the origin,
and consider the local equivalence relation r to which it gives rise. Consider the punc-
tured Riemann surface for 1/z; it is a double cover of C — {0}, and thus is a sheaf on C
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which is a covering projection over each of the leaves of . However, it is not an r-sheaf;
for an atlas for an r-action on it would have some chart (U, R',q) with 0 € U, and U
would contain a circular disk D around 0 on which R’ agrees with R. It would then
follow that E restricted to D is constant along the leaves (circles) inside D, whereas E
is only locally constant along these leaves (being a nontrivial double covering space of
them).

Example 2.10. We finish this section by a discussion of local equivalence relations
corresponding to foliations arising by suspension.

First recall Grothendieck’s notion of G-sheaf [9]: if G is a discrete group acting on a
space X (not necessarily faithfully), then there is a category (a topos, in fact) sh{X, G),
consisting of sheaves £ — X over X equipped with a G-action § compatible with the
given G-action on X. There is an obvious forgetful functor sh(X, G) —» sh(X). If G acts
“freely”, in the strong sense that (act,proj}: X x G — X x X is a subspace inclusion,
it follows from descent theory (cf., e.g., [13, Theorem D], [25], or [31] (or [9, p. 199],
for the case where the action is free and proper)) that

sh(X, G) ~ sh(X/G),

where X /G is the quotient space.

If h: X — X is a homeomorphism, it may be identified with an action by Z on X,
and we may write sh(X, h) instead of sh(X,Z).

For such h, we get a free (in the strong sense), and proper action k by Z on X x R,
given by h(z,7) = (h(z), + 1). Let us denote the orbit space for this action by X.
Since the action is proper, the quotienting map g: X xR — Xisa covering projection,
in particular étale. The local equivalence relation 7' on X x R whose leaves are the
sets {} x R is compatible with the action k, and hence induces a well-defined local
equivalence relation 7 on X. (This is the local equivalence relation given by the so-called
suspension of the homeomorphism A on X.) We shall prove that

sh(X,7) =~ sh(X, h).

There is an obvious full and faithful functor sh(X) — sh(X x R) taking a sheaf E on X
to the sheaf E xR on X x R. It lifts to a full and faithful functor sh(X, h) — sh(X xR, h)
given by (E — X,6) = (E xR — X x R,8), where 8(z,r) = (6(z),r + 1). It is
straightforward to see that if a sheaf on X x R is in the image of sh(X) — sh(X x R)
and carries a Z-action compatible with h, then it comes from a sheaf in sh(X, k); in
other words, we have a pull-back diagram of categories

sh(X)————sh(X x R)

T |

sh(X, h)—sh(X x R, h) —=—sh(X)

On the other hand, we shall prove that sh()? ,7) can be obtained by essentially the
same pull-back. Recall that we considered for a local equivalence relation on M the
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fine topology Mie,s on M, and for any local homeomorphism f: N — M the induced
fine topology Nis on N. It comes from a unique local equivalence relation ' on N
(which we may denote f*(r)), and ¢’ is locally (simply) connected if r is. From the
fact that being an r-sheaf is a local property (cf. Remark 3), it is immediate that for a
sheaf E on M, if it is an r-sheaf, then f*(E) is an r'-sheaf, and vice versa provided
the local homeomorphism f is surjective. This can be expressed by stating that a certain
commutative diagram of categories is a pull-back, which for the case at hand (with f
being the surjective local homeomorphism X x R — X } is the diagram

sh(X) —=s>sh(X x R,7/)——>sh(X x R)

T I

sh(X,r)———sh(X)

Comparing these two pull-backs then gives the desired equivalence sh(X, h) ~ sh()? ,7).

3. The monodromy groupoid

Let r be a locally simply connected (and locally path connected, open) local equiv-
alence relation on a space M, fixed throughout this section. We shall construct two
topological groupoids with M as space of objects, generalizing the monodromy and
holonomy groupoid of a foliation. The monodromy groupoid will for the present purpose
be the more important one, since its “equivariant sheaves” will be proved to be precisely
the r-sheaves. Recall from, e.g., [17,19] that a topological groupoid G is given by a
space Go (“‘of objects”) and a space G; (“of arrows™), together with continuous maps dy
and d; : G; — Gy associating to each arrow its domain and codomain, a continuous map
associating to each composable pair of arrows their composite, and a continuous map
associating to each object an “identity arrow” for this object, and such that the usual unit
and associative laws hold; also, one requires the existence of a continuous “inversion”
map G| — G associating to each arrow an inverse for it. Recall that for any topological
groupoid G = Gy —J Go, we have a notion of a G-equivariant sheaf (or sheaf with
a (right) G-action), namely a sheaf £ — G with a continuous map E xg, G| — E,
satisfying the evident unit and associative laws. Also there is an evident notion of when a
map between two such sheaves is G-equivariant; so we have a category of such sheaves.
(This category BG is in fact a topos, called the classifying topos of G, cf. the Ap-
pendix.) We shall prove that the r-sheaves are exactly the G-equivariant sheaves for the
monodromy groupoid which we are going to construct, cf. Theorem 3.6 below.

The monodromy groupoid is constructed as a topological groupoid consisting of homo-
topy classes of leafwise paths (much as in [21], who, however, only treats the manifold
case). Recall that when we have a local equivalence relation r on a topological space
M, the latter aquires a further topology Mie,s, finer than the original one. The following
consideration applies to any such topological space M equipped with a further, finer,
topology M’. Since we have a continuous identity map M’ — M, we have a continuous



A. Kock, 1. Moerdijk / Topology and its Applications 72 (1996) 47-78 59

(and injective) map M’'! — M7 between the path spaces. We endow its image P C M/
with the subspace topology (inherited from the compact-open topology on M?). For
the special case where M’ = M, for a local equivalence relation » on M, we write
P(M,r) for P. We shall consider an explicit description of a basis for the topology on
P(M,r) below.

Assigning to each path « its domain «(0) and its codomain «(1) makes M’ into
a topological oriented graph M! — M, which further carries a natural multiplication
structure (concatenation of paths), and a natural section M — M7 (formation of constant
paths). It also admits a reparametrization action by the monoid of continuous maps I — I,
in particular an inversion, namely reparametrization by ¢ — 1 — ¢. This whole structure
comes close to being a topological groupoid, except that the associativity etc. laws hold
only up to standard explicit homotopies. Now the subspace P(M,r) of M7 is evidently
stable under this structure, and thus itself is a topological oriented graph P 3 M. For
any space E — M over M it thus makes sense to talk about continuous actions on it by
M! or by P(M,r).

Let E — M be a topological space over M, and let E/ — M’ be its pull-back along
the bijective continuous M’ — M, thus, E’ is just E, but with a finer topology. From
the continuous map M’! — P, and the fact that E’ is defined by a pull-back, it is clear
that any continuous action a by P on E gives rise to a continuous action a’ of M'T on
E' (set theoretically, o’ is the same mapping as a).

From standard covering space theory, we quote:

Proposition 3.1. Let E — X be a sheaf (= local homeomorphism) on a locally simply
connected space X. Then it admits a continuous action by X' iff it is a covering space
over X. If P is a subspace of X' (containing with every path also every continuous
reparametrization of it), then a sheaf E — X admits at most one continuous action
by P.

We then have the following extension of Theorem 2.8; r is a locally simply connected
local equivalence relation on a space M, so that M, is a locally simply connected
space; we also assume that 7 is locally path connected.

Theorem 3.2. Let E — M be a sheaf on M. Then the following conditions are equiv-
alent:

(1) E is an r-sheaf.

(2) E — M pulls back along Mieat — M to a covering space Eiear = Miear.

(3) E — M admits a continuous action by P(M, ).

Proof. The equivalence of the two first conditions is expressed in Theorem 2.8. If (3)
holds, Elear — Miear admits a continuous action by Mﬁaf, by the general remarks above,
hence is a covering space, by Proposition 3.1. Finally, assume (2). The evaluation map
ev:P(M,r) x I — M (sending (£,t) to &(¢)) is continuous, since P(M,r) has the
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subspace topology from M?’. Now pull E — M back along ev to obtain a sheaf E’ on
P(M,r)x I,
E——E

P

P(M,T‘) XIT*M

The assumption that £ — M pulls back to a covering space on Mg, implies that, for
each £:1 — M which is continuous for My, the pull-back of E — M along £ yields
a locally constant sheaf E¢ on I; since I is simply connected, E¢ is in fact constant.
This in turn implies that the sheaf E — P x I is constant along each subspace {£} x I.
By Theorem 2.5, it follows that the equivalence relation, whose equivalence classes are
the subsets {£} x I, acts in a continuous way; denote this action by V, as in Section 2,
But now it is clear that path lifting, i.e., the action a of P(M,r) on E, can be described
explicitly in terms of V:

ale, &) = (Ve eonle (€,0)),

for p(e) = £(0) = ev(&,0). From this the continuity of a is clear, thus proving (3). This
proves the theorem. O

We shall now investigate some topological properties of the topological graph P(M, ),
which will allow us to construct the monodromy groupoid (as a topological groupoid) as
a quotient of it.

For any topological space X, one of the standard descriptions of the compact open
topology on the space X! of continuous paths is as the topology where the basic open
sets are given in terms of finite lists (U;,...,U,) of open subsets of X (which may
even be taken from any prescribed basis for X), this list defining the basic open set
Nx(Ui,...,Uy) of paths o: I — X satisfying a([(i—1)/n,i/n]) CU; fori=1,...,n.
Thus in particular as basic open subsets of the space P(M,7) C MT we may take the
sets P(M,r) N N (Ui, ..., Uyp), such that each U; is underlying set of a chart (U, R;)
for r, i.e., as the set of continuous «: I — M which satisfy (4):

11
« is continuous for Mie,s, and oz([z - ],%) CcC U;. )

(This set we denote by Ny (Ui, Ry), ..., (Un, Ry).) This set can equally well be de-
scribed as the set of continuous a: I — M satisfying (5):

([ <ol (()e)

Using this explicit description of the topology on P(M,r), we can now easily prove

Proposition 3.3. The domain and codomain maps P(M,r) — M are open. The mul-
tiplication (concatenation of paths) is an open map

P(M,r) xp P(M,r) - P(M,r).
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Proof. Let 9 € P(M,r) be a path from z to y. Consider a basic neighbourhood V
of o, given as the set of paths o satisfying (4) or equivalently (5), but where we now
further assume that the R;-equivalence classes are path connected (using the assumption
of local path-connectedness of 7). Since each R; is an open equivalence relation, we
may, as in the proof of Theorem 2.5, find an M-open neighbourhood N, around z such

that for each x| € Ng, there is a chain z1, 23, ..., 2, With 21 = 21, with z; € U;-1NU;
forj =2,...,n, with x1 R120, 20Rp23, ..., Zn_{ Rn_1 2n, and with z,, € U,,. Since each
R; has path connected equivalence classes, we may choose paths ay,. .., a,—| with o

a path from z; to z;4; inside the equivalence class z;R;. Also let o, be the path with
constant value z,. Concatenating these n paths yields a path o with «(0) = z;, and
a([(i — 1)/n,i/n]) C zR; for i = 1,...,n. This path therefore satisfies (5). So every
xy € N is the domain of a path @ € V, and thus dy: P(M,r) — M is open. The
codomain formation d; is treated similarly. Finally, let us consider the multiplication
(path concatenation). It is clear that if o, 3 € M’ can be concatenated and have their
concatenation « * 3 € P(M,r), then both « and 3 are in P(M,r). From this follows
that the diagram

P(M,r) x pyP(M,r)— MT x pyM!

PM,r)y—————— M}

is in fact a pull-back of spaces; since the multiplication structure * on M (right hand
vertical map in the diagram) is known (and easily seen) to be open, then so is the
multiplication structure on P(M, ) (left hand vertical map in the diagram). This proves
the proposition. O

We now discuss leafwise homotopy. (We will always mean homotopy relative to end-
points.) Thus a homotopy between two paths & and £ in a space X is a continuous map
h:IxI — X, restricting to & and (3 on the two horizontal edges of I x I, and to constant
maps on the two vertical edges. In particular a(0) = 4(0) and (1) = 8(1). We say that
aand 8 € P(M,r) are leafwise homotopic if they are homotopic by a homotopy in M.,
Let h: I x I — M be such a homotopy. Since the covering of M, by plaques ) is an
open covering, I X I is covered by open subsets of the form A~!(Q); finding a Lebesgue
number for this covering, we conclude that there is a natural number n such that the
restriction of h to each of the small squares [(i — 1)/n,i/n] X [(j — 1)/n,j/n] C T x I
factors through some plaque Q; ;, given by a chart (U; ;, R; ;).

We will show that these leafwise homotopy classes of paths admit a continuous com-
position operation. The proof is based on the following proposition.

Proposition 3.4. Assume the local equivalence relation v on M is locally simply con-
nected. Then the equivalence relation of leafwise homotopy on P(M,r) is an open
equivalence relation.
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Proof. Let us write ~ for the relation “leafwise homotopic to”. Let us write o ~
for the relation: a ~ 3, and for every open U around ¢, there is an open V around 3
such that for every 6 € V there is a v € U with 4 ~ §. Thus to say that ~ is an open
equivalence relation is to say that a ~ 3 implies a ~» . The relation of ~» is evidently
reflexive and transitive. It is probably not symmetric, in general.

Lemma 3.5. Let & denote the constant path at a(1), where o« € P(M, ). Then o ~ axk
and o * K ~ a. Also, for & the constant path at a(0), a ~ k* @ and K * o ~ .
Finally, if o ~ 3, then v' * aox " ~» v« B x~", for any v and ~" where it makes
sense.

Proof. Given a neighbourhood U = Ny (U, ..., U, )NP(M,r) of a, the neighbourhood
of a* K given by V.= Ny(Uy,...Up,Up,...,Uy) N P(M,r) (with n extra copies
of U,) will serve, since any path § € V is leafwise homotopic (namely by a pure
reparametrization) to a path in U. On the other hand, given a neighbourhood U around
o * K, it contains one of the form Ny (Ui, ..., Usy,), and since & is constant = (1), it
follows that the n-+1 last of these U;’s have the point «(1) in common, so there is an open
set Wwith a(1) € W C U,NULN- - -NUap. The set Npg(Us, ..., Uy, WINP(M, ) will
now serve as V, for clearly if § € V for this V, then for the constant path « at the endpoint
of §, 6k € NM(U],...,Un_l,W, VV,...,W) - N]W(U],...,Un_],Un,...,Uzn); and
d ~ & * K by a reparametrization homotopy. The second assertion follows similarly, and
the third is an elementary consequence of the fact (Proposition 3.3) that the multiplication
* is continuous and open. This proves the lemma. O

Now let a ~ (3 by virtue of a homotopy h: I x I — M, as described above, but where
we now assume that the plaques Q;; into which the n? small squares are mapped
by h are simply connected (using local simply connectedness of 7). By the above,
o~ ax*k, and & * 8 ~ B (where x and «’ are the relevant constant paths), so it
suffices to see that a * Kk ~ k' * 3. Between these two paths we can (in many ways)
interpolate a sequence of 2n paths, each of which is a restriction of A to a rectangular
zig-zag through the grid lines of the division of I x I into the n? small squares; and
each of the two consecutive terms in the sequence agree, except that they take opposite
routes around one of the elementary squares, as for example displayed in the below
figure.

Call the common part prior to A of these two paths 4/, and the common part after
B +", and call the two paths from A to B p and o, respectively. By Lemma 3.5, it
suffices to prove that p ~» o. For simplicity, let (W, R) denote a chart with the plaque
Q:,; as one of its equivalence classes (where 1, j is the index pair corresponding to the
little square from A to B). Consider an open neighbourhood of p. It contains one of the
form U = Ny ((Uy, Ri), - .. (Uyn, Rn)), with the R;’s having path connected equivalence
classes, and with R; = R|U; for any 4. Proceeding as in the proof of Proposition 3.3,
we may find a neighbourhood N, around x = p(0) such that every 2’ € N, is the
beginning point of a path v € U; we may even find such v from z’ to any prescribed
end point in U,, R-equivalent to 2’ (using path connectedness of the equivalence classes
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of R,,). Clearly, such ~ stays inside one equivalence class of R. Now let V be the open
neighbourhood of o defined as

V = Ny(W,R)Ndy ' (N;) nd ' (Uy).

Any path § in this neighbourhood has its endpoints R-equivalent, and in N, and U,
respectively, and there is therefore, by the above, a path v € U with the same two
endpoints. But since the equivalence classes of R are simply connected, v and ¢ are
homotopic inside one equivalence class of R, and hence in particular v ~ 4. This proves
p ~ o, and thus openness of the relation ~ of “leafwise homotopy”. Proposition 3.4 is
proved. O

Let us denote by IT;(M, ) the quotient space of P(M,r) under the equivalence rela-
tion “leafwise homotopy”. By Proposition 3.4 the quotienting map P(M,r) — II;(M,r)
is an open surjection, and hence the pull-back of it along any map is again an open sur-
jection. This finally enables us to see that composition of paths, as well as formation of
dp and d; of paths, being compatible with the equivalence relation, induce continuous
maps *: IT{(M,r) xpr III(M,r) — III(M,r) and do,d; : I} (M,r) — M. Note also
that it follows from Proposition 3.3 that they are open maps. Finally, inversion of paths in
P(M,r) (reparametrization by ¢t — 1 —t) induces a continuous inversion in IT(M,r). All
this structure, together with formation of constant paths, M — P(M,r) — II,(M,r),
makes IT; (M, r) into a topological groupoid; this is the monodromy groupoid of the local
equivalence relation.

Clearly any continuous action of P(M,r) on a sheaf E — M is invariant under
homotopy, so induces an action of IT; (M, r). This action is again continuous, because the
quotient map P(M,r) — II; (M, r) (and hence any pull-back of it) is an open surjection.
Thus a sheaf E — M carries a continuous action by IT; (M, r) iff it carries one by the
topological graph P(M,r) (in both cases, the action is unique if it exists), and combining
this with Theorem 3.2, we see that the subcategory sh(M,r) C sh(M) of r-sheaves,
described in various equivalent ways in this theorem, can furthermore be described as
the full subcategory of sh(M) consisting of sheaves which admit a (necessarily unique)
continuous action by the monodromy groupoid IT| (M, r). We therefore have
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Theorem 3.6. Let v be a locally simply connected local equivalence relation on a
space M. Then the monodromy groupoid II{(M,r), as described above, is a topo-
logical groupoid; and a sheaf on M is an r-sheaf if and only if it is II,(M,r)-
equivariant.

Remark 5. The theorem expresses that the two subcategories of sh(M), sh(M,r) and
B(IT|(M,r)), are equivalent. In particular, since the latter is a Grothendieck topos, we
conclude that sh(M, r) is. Further topos theoretic implications of the theorem may be
found in Appendix A.

4. Etale monodromy and holonomy

To get further information about the equivalence sh(M,r) ~ B(II;(M,r)) of The-
orem 3.6, we shall prove (Theorem 4.1 below) that the topological groupoid IT, (M, r)
is essentially equivalent (in a sense to be made precise below) to an étale topological
groupoid G (a notion that we shall also recall). In the foliation case, one would construct
G as a full subcategory of IT|(M,r) with space of objects some complete transversal
T C M of the foliation. Such a procedure is not available in the present generality, where
instead we must let G have for its space of objects a certain “local quotient space” of
M (which, just as for the case of a transversal, is noncanonical, but depends on a choice
of an atlas for 7).

Recall that a morphism of topological groupoids p: H — G is called full and faithful
if the space of arrows H; of H is the pull-back of G along py X po (the relevant
diagram appears in (11) below), and is called an essential equivalence [18] if further
po is “essentially surjective on objects”—the exact meaning of this need not concern us
here, since in the cases to be considered, po will actually be an open surjection, which
is a stronger condition.

Full and faithful functors appear in particular when constructing “full images” (or
“inverse images”, in the terminology of [17, p. 11]), a construction which we shall
now recall in slightly more general form. Let dy,d;: P — M be continuous maps
making P — M into a topological oriented graph. If gb:M — M 1is any continuous
map, we may form the topological graph P —% M obtained by pulling (do,d;): P —
M x M back along ¢ x ¢: M x M — M x M. We may denote it ¢*(P —% M) or just
P M. Since open surjections are stable under pull-back and composition, an easy
diagrammatic argument shows that if dp: P — M and ¢ are open surjections, then so is
the structural map do of ¢* (P). And if P Z—7 M is part of the structure of a topological
multiplicative graph, respectively of a topological groupoid, then a similar structure is
induced on P.

Theorem 4.1. For any locally simply connected (locally path connected, open) local
equivalence relation r on a space M, the monodromy groupoid II\(M,r) of Theorem 3.6
is essentially equivalent to an étale groupoid.
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Proof. Let {(U;,R;) | ¢ € I} be a simply connected atlas for the local equivalence
relation r on M. Let M = L] U;. Thus we have an open (even étale) surjection ¢ : M -
M, and one may form the topological graph P —% M = ¢* (P(M,r) —Z M). Its arrows
are thus labelled leafwise paths (w1, ) where (i,7) € I x I (the “label”), and where
« is a leafwise path with «(0) € U; and (1) € Uj;. Note that the space of arrows P
of this topological graph is a disjoint union of the open subsets dy ' (U;) Nd; ' (U;) of
P(M,r).

Now the map (do,d;): P — M x M for P = P(M,r) factors across the map
h:P(M,r) — II;(M,r) = II, as displayed in the right hand column in the following

diagram
P P
2
G I I (6)
(d*o,d“l)l l do,ds J(do,dx)
G’0><Goqxq0 M x M—— Ixd — MxM

and we may therefore perform the pulling back that defines P in two stages, i.e., by
constructing it from the two pull-backs that appear on the right in the diagram. Since h
is an open surjection, then so is h.

We introduce now an equivalence relation ~ on P by putting (a,1,7) ~ (e, ¢, §') if

—
i=1',j =4, and if « is leafwise homotopic to zz’ * &’ * y'y, for some (hence any, by
—
simply-connectedness) path zz' from z = a(0) to ' = /(0) inside zR;, and for some

(hence any) path g;’—yj from y’ = a/(1) to y = a(1), inside yR;.

Note that the equivalence relation ~ is a disjoint union of equivalence relations on the
individual dy ! (U;)Nd; ! (U;)’s; and each of these individual equivalence relations is open,
due to openness of the relation of leafwise homotopy, and openness of the concatenation
map *. Thus ~ is an open equivalence relation on P. Let us denote the quotient space
G). If we also let Gy denote | |(U;/R;) (which is a quotient qO:M — Gy of M), we
have well-defined continuous maps dy, d; : G| — Gy obtained from the structural maps
do, d; for the topological graph P = M, and since these structural maps are open, then
so are dy, d;. Let us denote the topological graph G| — Gy by G.

Now because the equivalence relation ~ includes leafwise homotopy, we evidently
may factor the quotient map P — G across IT as displayed in the diagram, with both
factors open surjections. The factor q; is compatible with the structural maps, so that we
get a morphism ¢ of topological graphs

q:o* (H1 (M, 7')) - G.
There is (set theoretically) a unique multiplicative structure on the graph G making g into

a homomorphism of multiplicative graphs; and using that all the maps displayed in the
relevant square (lower left hand square of (6)) are open surjections, one concludes that
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the multiplication on G is in fact continuous. And since ¢*(II;(M,r)) is a topological
groupoid, so is G.

We shall prove that the morphism ¢ of topological groupoids is an essential equiva-
lence. Clearly, go is an open surjection. So it remains to be seen that ¢ is full and faithful,
i.e., that the lower left hand square in the diagram is a pull-back. Set theoretically, this
is clear. To see that it is also topologically so, observe that the whole picture in question
is a disjoint union over the set of labels (7, 5); fix one such label (i, j) and suppress it
from notation. So consider a point [o] = ﬁ(a) € II, ie., a leafwise homotopy class of
a path a with o(0) € U; and a(j) € Uj, and consider an open neighbourhood h(O,)
around it, where O, is an open neighbourhood around « in P(M,r). We may assume
that

Oa = NM((V'laSl)) '-7(‘/7l7571))

with V| C ULand Vo € Uj, and with S} = R;|V) and S, = RJ|YE To see that the
topology on I is not finer than the topology induced from G and M x M, it suffices
to see that

4" (V) N d; (V) N g nh(OL) € h(O4) %

for some open set O, around « in P(M,r). Let Vi be the saturation of V; under the
equivalence relation R;, and S| = R;|Vy; similarly, V,, is the R;-saturation of V,, and
Sn = R;|Vy. Let O, be the basic open set

O:)t = NM((‘Z;‘,S.Y\I)) (‘/lasl)z tety (VTH S‘n)a (‘7717 §n))

We easily see that h(O') is saturated for ~, i.e., equals q; ‘g hO.,. For, if 8 € O/,
— —

then z'z = B * y'y is easily reparametrized (and hence leafwise homotopic) to a path

~ likewise belonging to O, for any paths m_'x) and yT} inside one equivalence class
of R; (respectively R;), since such paths also belong to one equivalence class of 5
(respectively §n).

Now if g € O, and furthermore 3(0) € Vi, 5(1) € V,,, we may, by simply-connect-
edness of the equivalence classes of Sy, deform the restriction of 3 to [0, 1/(n + 2)] by
a leafwise homotopy into a path entirely in V| C Vi, and similarly for the restriction of
B to [(n+1)/(n+2),1], and then by a reparametrization deform it further into a path
in O. These three deformations together yield a leafwise homotopy of 3 into a path in
O, proving the inclusion (7).

We finally prove that dy: Gy — Gy (and hence d)) is locally injective. Let an element
in G; be represented by («,1,j) € P. It suffices to find an open neighbourhood N
around (a, 1, 7) such that if (3,4,7) € N and a(0)R;3(0), then (a,1,7) ~ (5,i,7). We
first take a neighbourhood of «w € P(M,r) of form

N((‘/]7S]))"'>(‘/7lysn)) (8)

with each (Vi, Sk) a simply connected chart for 7, and with V; C U; and V,, C U; as
charts, i.e., with S| the restriction of R; and S, the restriction of R;. Then a(k/n) €
Vi MViyy foreach k = 1,...,n— I; we may therefore find an open Wy, with a(k/n) €
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Wi € VieNViy and such that Sy and Sy agree on W and have connected equivalence
classes there. Let IV be the open set consisting of (3, ¢, j) which satisfy

BeN(Vi,81),--., (Va,Sn)) and ﬁ(%) EWi (k=1,...,n—1).

Assume now that the elements in G| represented by (a,4,7) and (3,4, ) have com-
mon dg-value; we want to prove («,i,j) ~ (8,1,5). The assumption of common dy-
value means that a(0) ~ B(0). Since «(0) and B(0) are in V;, a(0)S;8(0). It follows
that «(1/n)S18(1/n), and since both these points by construction of N are in W,
where S; and S; agree, we have a(1/n)S,4(1/n). Continuing in this way, we conclude

a(1)S,8(1). Let 3:_'; and ;‘17 be paths inside the equivalence classes of S| and 5,,, re-
spectively, connecting 2’ = 5(0) with z = a(0) (respectively y = a(1) with 3y’ = 5(1)).
We claim that

— —
2’z x o+ yy is leafwise homotopic to 3. )
For, we may connect a(k/n} to B(k/n) by a path inside their common equivalence
class of Si|Wy = Sgp+1|Wi (k= 1,...,n — 1), and using simply-connectedness of the

equivalence classes of the Si’s, we can then, in n steps, deform 7?10) * ﬁ to B by
a leafwise homotopy. Thus (i, 7) ~ (5,1, 7), so they represent the same arrow in Gj.
This shows that dp is injective when restricted to the open neighbourhood of [(a, 1, 7)]
represented by V.

Together with the fact, already proved, that dy is open, it now follows that dp is
étale. We remind the reader that a topological groupoid is called an étale groupoid if its
do-map (and hence its d;-map) is étale. Thus our groupoid G is étale. This proves the
theorem. O

Since the monodromy groupoid is essentially equivalent to an étale topological
groupoid G, and the categories of invariant sheaves for two essentially equivalent
groupoids are equivalent (cf. [18]), we thus conclude from the Theorems 4.1 and 3.6:

Corollary 4.2. Let v be a locally simply connected (and locally connected, open) local
equivalence relation on a space M. Then the category sh(M,r) is equivalent to the
category of G-sheaves, for a suitable étale topological groupoid.

This implies that sh(M,r) is in fact an étendue topos, in the sense of Grothendieck,
cf. Appendix A. Let us also note that the existence of an equivalence II} (M,r) ~ G
by [12] implies that II;(M,r) is an étale-complete groupoid, i.e., can be reconstructed
as the topological groupoid of points of its classifying topos BII{(M,r) ~ sh(M,r);
cf. [18] for this notion.

We shall, for use below, explicitly record an information contained in the proof of the
above theorem, namely the information how the local section s which is a right inverse
for do| NV looks in a sufficiently small neighbourhood O of [z,4] = qo(z,); if (z',4) has
z' so near z that there exists a path 8 € N with 3(0) = 2, then the formula (9) shows
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that the ~-equivalence class of 3 only depends on the equivalence class of (2/,4), so
that

[',4] = [(8,1.5)]
is a well-defined map
0/Sy = N/ ~.
(The set of (a',i) for which there exists a path § € N with 8(0) = z’ is open, by

openness of dg: P — M. Thus 0/S; = O/R; is open in Gy.)
Holonomy

The rest of this section is not used anywhere else in this paper, and is included only
to contrast the holonomy with the monodromy.

It is well known that the holonomy groupoid of a foliation is the standard model
for the quotient “space”, i.e., the “space” of leaves. There are constructions of this
holonomy groupoid ([7,32,21,2], following a suggestion of Pradines) directly in terms of
the foliations, and these constructions can also be adapted for local equivalence relations.
Here, however, in order to compare the holonomy with the monodromy discussed above,
we will give a roundabout construction of the holonomy groupoids, namely in terms of
the monodromy groupoids.

For any étale topological groupoid G = (G} T Gy), one can construct a morphism
of groupoids G — I'Gp, where I'Gy is the (étale) topological groupoid of germs of
local homeomorphisms of Gy, namely by associating to an arrow g:x — y in G the
germ at z of the map d; o s where s is a local section of do: Gy — Go with s(z) = g.
The morphism G — I'Gy is the identity map on the space of objects and is étale on the
space of arrows. The image JG of G — I'G) is thus an open subgroupoid of I"G.

Returning to the specific étale groupoid G constructed above, and recalling the de-
scription of local sections of do given above, it follows that the germ € I'Gy at [z, 1]
associated to the arrow [(e, 4, 7)] € G, (where a(0) = z, a(1) = y) may be described by

(2", 4] = [/, 5]

([. -] denoting R;-equivalence class, respectively R;-equivalence class), where [2/,] €
O and y' = §(1) for some path 8 € N with 8(0) = z’. We call this germ germ, (v, 1, j).
Since the description of N did not depend on the specific label (4,7) (when Vi and
V.. are chosen small enough, the same N will work for any other label (¢, ;') with
z € Uy, y € Uy), it follows that if two leafwise paths a; and a; from x to y have
the property that (ay,1,7) defines the same germ as {ay,%,7), then (o, j’) defines
the same germ as (s, ', §'). In other words, there is a well defined equivalence relation
hol on P(M,r) (coarser than leafwise homotopy, thus also descending to an equivalence
relation on IT(M, 7)), such that, for two paths «; and «a; from z to y

ap hol ap  iff  germ (04,4, 7) = germ (o, ¢, 7)

for some (hence any) label (i, ) with z € U;, y € Uj.
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Let us denote the quotient J7(M,r)/hol by Hol(M,r). From the construction given
of Hol it is clear that Hol(M, r) sits in a diagram

e T I
t o
JG %JG Hol

]

GoxGoe— MxM—>MxM

q0Xqo

in which all four squares are pull-backs; now q is étale, so II(M,r) — Hol(M,r) is
étale. Composition in JG thus induces a continuous composition on Hol(M, ), and
IT(M,r) — Hol(M,r) is thus an étale homomorphism of groupoids.

It is clear that the construction of Hol(M,r), unlike that of (G and) JG, does not
depend on the choice of atlas (U;, R;).

We shall prove, however, that, modulo essential equivalence, the étale groupoid JG is
determined by (M, r} alone. Any other choice of atlas would give another étale groupoid
G', essentially equivalent to I1, so G and G’ are essentially equivalent. By the construc-
tion of [18, Section 7], this implies that there is a topological groupoid H and essential
equivalence functors H — G and H — G, with H étale since G and G’ are. So to
prove the essential equivalence of G and G’, it suffices to prove

Proposition 4.3. If f: H — G is an essential equivalence between étale topological
groupoids, then JH is essentially equivalent to JG.

Proof. As shown by Pronk [24, Lemma 1.3.2], the assumptions of the proposition imply
that fo: Ho — G is étale. Therefore, it is clear that the square

I'Hy I'Gy

l (10
Hy x Ho——>G() X GO

is a pull-back. Also, the assumption that f is an essential equivalence functor implies
that

H, Gy
(11)
Hy x Hy—— Gy x Gy
is a pull-back. It follows that we have a pull-back
H, G,

[

FH()——->FG0
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The left hand vertical map here associates to an arrow h € H; the homeomorphism
germ on Hy to which it gives rise. Similarly for G. But the space of arrows of JH,
respectively JG, are just the images of these vertical maps (with subspace topology from
I'Hy, respectively I'Gy). The image factorization of a pull-back diagram is for trivial
reasons a pull-back, so

(JH), —=(JG),

]

I'Hy I'Gy

is a pull-back. Concatenating this with the pull-back diagram (10) yields a pull-back
diagram witnessing that JH — JG is full and faithful. Since H — G is essentially
surjective on objects, it follows that so is JH — JG (in fact, the space of objects of
JH agrees with that of H, and similarly for G). O

5. Constructing local equivalence relations from groupoids

In this section, we shall prove a converse of our construction of an étale groupoid out
of a local equivalence relation, namely we shall prove the following result. (In the next
section, we will reinterpret this result as a characterization theorem in topos theory.)

Theorem 5.1. For any étale topological groupoid G, there exists a topological space M,
equipped with a locally connected, locally simply connected local equivalence relation
r, such that there is an equivalence of categories

BG ~sh(M,r)

between G-equivariant sheaves and r-sheaves on M.

The space M in the statement of the theorem will in fact be constructed as (a variant
of) the classifying space BG of the topological groupoid G, which generalizes Milnor’s
construction of the classifying space for a topological group (cf. [30]). As in the case of
groups, one has on BG a (“universal”) principal G-bundle EG,

EG-~—T—Gy
l¢ (14)
BG

and since G; — Gy is etale, then so is ¢, see below.

The strategy is to consider the equivalence relation R, on EG given by (z,y) €
R, iff w(z) = w(y). It provides an atlas for a local equivalence relation r, on EG
which we shall prove “descends” to a local equivalence relation 7 on BG (meaning that
@*(r) = ), and this r will be proved to have the property claimed in the theorem.

We begin by some general considerations concerning principal G-bundles.
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Recall that a left G-bundle over a space M is a space P equipped with a map
¢: P — M and a continuous fibrewise left action by G, given by maps

p—=> GO
Gy Xg, P——P.
To say that the action is fibrewise means that

#(g-p) = ¢(p)
for any p € P and g € G, for which g - p is defined, i.e., for which dyo(g) = m(p). Also,
the action should be unitary and associative, in the evident sense. The G-bundle is called
principal if ¢: P — M is an open surjection, and the map

G] XG()P—>P><A4P

given by (g,p) +> (g - p,p) is a homeomorphism. Thus, in such a principal bundle,
for any two points p,q in the same fibre of ¢: P — M, there exists a unique arrow
g:7(p) = w(g) in G with g - p = q. It is not difficult to prove that for such a principal
G-bundle, the étaleness of the structural maps for G implies the étaleness of ¢ (cf.,
e.g., [19]).

Recall also that when P is a G-bundle, as above, one may construct a new topological
groupoid Pg with P as space of objects, and with arrows p — ¢ those arrows g € G|
for which ¢ - p is defined and equals g; so the space of objects of Pg is G| x ¢, P. There
is an evident functor m: P — G given on objects by m: P — Gy. Pull-back along
this functor defines a functor taking G-equivariant sheaves to Pg-equivariant ones; we
denote it

Br*:BG — BFg.

We next consider, for a principal bundle as above, the local equivalence relation r,
on P obtained from the global equivalence relation R, on P given by (z,y) € R, iff
m{z) = w(y). We will prove that this local equivalence relation descends to an local
equivalence relation on M:

Lemma 5.2. There exists a (unique) local equivalence relation r on M such that v, =

o™ (r)-

Proof. As we pointed out above, the map ¢: P — M is necessarily étale, and hence has
enough local sections. For any open set U C M and section a:U — P of ¢, consider
the equivalence relation R, on U having as equivalence classes the sets

p(n'(t)NTV), teG,.

It suffices to show that these equivalence relations R,, for all open U C M and all
sections a, are locally compatible. For in this case they together define a local equiva-
lence relation r on M which evidently has the property that ¢*(r) = r, on P. So, for
compatibility, consider any point z € M and two sections ¢:U — P and b:V — P of
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¢ defined on neighbourhoods U and V' of z. We need to find a smaller neighbourhood
W CUNV of z on which R, and Rj, agree. To this end, let g: 7(a(x)) — m(b(z)) be
the unique arrow in G with

g-a(z) = b(x).
Since do : G1 — Go is an étale map, there is a small open neighbourhood K of n(a(z)) in

Gy so that there is a section g: K — G of dp with g(n(a(z))) = g. Choose W C UNnV
so small that for any point p € W,

(7 (a(p))) - alp) = b(p)-
For any two points p,qg € W with (p,q) € R, i.c., with n(a(p)) = 7(a(q)), one then
has

7 (b(p)) = 7 (g(7(a(®))) - a(p)) = dig(n(a(p)))
=dig(n(a(q))) = 7(9(7(a(9))) - a(9)) = 7(b(g)),
hence (p,q) € Rp. This shows that R, N (W x W) C Rp. A symmetric argument will
produce a neighbourhood W' so that R, N (W’ x W’) C R,, so that R, and Ry agree

on W N W', as required.
This proves the lemma. O

If the map 7 has sufficiently good properties, the local equivalence relation r, on
P will be open and locally path connected, and hence so will the local equivalence
relation 7 on M, so that our theory applies; in particular, we will have full subcategories
sh(M,r) C sh(M) and sh(P,r,) C sh(P). Finally, we let B(Pg,r,) be the category
of those Pg-equivariant sheaves which, as sheaves on P, are r,-invariant.

The various categories and functors considered fit into the diagram below. In this, the
top composite is just 7*. Note that a sheaf of form 7*(F') on P is evidently r,-invariant,
so that 7w* factors as indicated; similarly for Bn*: BG — BPg;.

sh(P) sh(P, ) <— sh(Go)

L]

B(Pg)<——B(Fg,7r) <z;7— BG
(3)T )
sh(M) <——sh(M,r)

Consider now the case where 7 is an open map with connected fibres. Then the functor
7* :sh(Gg) —+ sh(P) is in fact full and faithful. Also the functor B7*: BG — BPg
is full and faithful; this is an easy diagram chase argument utilizing that 7* is full and
faithful, and that the space of arrows of Pg is 7*(G1) (so all the horizontal arrows in
the diagram represent full inclusions). A similar argument proves that if for a sheaf F'
on Gy the sheaf 7#*(F) on P is provided with a Pg-action, then this action comes from
a unique G-action on F, via 7*. In other words, the composite of the two top horizontal
squares in the diagram is a pull-back of categories.
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Also the composite of the two left hand squares is a pull-back; this follows from the
fact that r and r, correspond under the local homeomorphism ¢, and that the prop-
erty of being an r-sheaf (respectively r,-sheaf) is a local property. Finally, the top left
hand square is a pull-back, by definition of the category B(Pg, 7). From elementary
properties of pull-back diagrams, it follows that the two remaining squares are also
pull-backs.

We now have

Lemma 5.3. Let P — M be a principal bundle for the étale topological groupoid G,
with structural map ©: P — Go. Assume that the map w is open and such that . is
locally connected, and assume that the fibres of m are connected and simply connected.
Then the funcors (2) and (4) in the diagram are equivalences of categories, and in
particular sh(M,r) ~ BG.

Proof. The proof hinges on consideration of the above diagram, in conjunction with the
following result. This result is a corollary of the Theorem 2.5, and may be of use in
other contexts, so that we state it in form of a separate proposition:

Proposition 5.4. Let m: P — X be any open continuous map such that the fibres of
it are connected and simply connected; also assume that the local equivalence relation
rx on P induced by 7 is locally connected. Then n* :sh(X) — sh(P) establishes an
equivalence

sh(X) ~ sh(P,r.).

Proof. It is clear that any sheaf of the form 7*(F) carries the structure of the r,-sheaf.
Conversely, assume E — P is an r,-sheaf. So there exists a covering of P by open sets
U; such that the equivalence classes of R.|U; are connected, and F is constant along
these equivalence classes (where R, as above, is the global equivalence relation (kernel
pair) of 7). Thus E is locally constant along the equivalence classes of R,. But these
are simply connected, by assumption, so E is constant along them. Theorem 2.5 now
implies that R, act continuously on E, and thus by descent theory (cf. the discussion in
the example at the end of Section 2), E is of form 7*(F') for some sheaf F on X. This
proves the proposition. O

From the proposition it now follows that the functor (1) in the diagram is an equivalence
of categories, and since the square under it is a pull-back, it follows that the functor (2)
is an equivalence. Also, the functor (3) is an equivalence; for, the assumption that the
G-action on P is principal is equivalent to the statement that the action groupoid Pg is
isomorphic to the equivalence relation P X s P, but then B(Pg) ~ B(P % P), the
category of actions of this equivalence relation on sheaves on P. But by descent theory,
(as in the proof of the Proposition), B(P x ps P) ~ sh(M), via the functor (3), so (3) is
an equivalence. Since the square next to it is a pull-back, it follows that the functor (4)
is an equivalence of categories. This proves Lemma 5.3. O
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Remark. The local equivalence relations r and r, are both locally simply connected if
there exists a basis of open sets U in P with the property that they intersect each fiber
in a connected and simply connected (or empty) set.

To prove Theorem 5.1, it now suffices to construct a suitable principal G-bundle. We
will use a variant of the standard universal bundle EG — BG of (Milnor-)Buffet—
Lor [5], considered in [19]. Its base space

M =BG

is the usual [30] classifying space, constructed as the geometric realization of the nerve
N(G) of G. (This nerve is a simplicial space, and the appropriate realization is the
“thick” one of {30].) For the construction of the total space P = EG of the bundle,
consider the topological groupoid Dec(G), the objects of which are the arrows g: o — y
in G, while the arrows from g to g’ are the commutative triangles in G of form goh = g';
thus there is a unique arrow h = g~! o ¢’ from ¢’ to g in Dec(G) iff g and g’ have the
same codomain. Dec(G) inherits an evident toplogy from G. We define

P = B Dec(G)
to be the classifying space of this groupoid. The domain map of G defines a homomor-
phism Dec(G) — G, hence a map of classifying spaces ¢: P — M.
The groupoid G acts on P by composition. In fact, it acts on the simplicial space
N(Dec(BG)), whose n-simplices are the strings

g To b1 - ha Ty -

£)
The structure map 7, : N (Dec(BG)) — Gy sends such a string to the point y, while
an arrow acts on this string by left composition,

u - <g,h],...,hn> = (ug,hl,...,hn>.
In this way, each space N,,(Dec(G)) comes equipped with a G-action. This action, with
the projection maps ¢y, : Np,(Dec(G)) — Ny (G) sending (g, h1,...,hy) to (hy,..., hy),
makes N,(Dec(G)) into a principal G-bundle over N,(G). By geometric realization,
one thus obtains a principal G-bundle structure on ¢: P — M.

Observe that since the groupoid G is étale, so are the maps 7, : N, (Dec(G)) — Go.
Thus N.{Dec(G)) is in fact a simplicial sheaf over Gy. Its fiber over a point y € Gy
is the nerve of the (discrete) groupoid G/y, and the fiber 7~ !(y) of m: P — Gy is the
classifying space B{G/y) of this groupoid. Since G/y has a terminal object, this space
is evidently contractible.

The following lemma shows that the map n: P — Gy is open and has the property
that the local equivalence relation r, defined by it (as above) is locally path connected
(cf. the preceding remark), so that all conditions in Lemma 5.3 are in fact satisfied by
the bundle constructed.

Lemma 5.5. Let E, be a simplicial sheaf on a space B, and let |E,| be its geometric
realization, with canonical map p:|E,| — B. Then p is an open map, and |E,| has a
basis of open sets which intersect each fiber of p in a contractible set.
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Proof. The proof'is a straightforward adaption of the standard construction of contractible
neighbourhoods in the geometric realization of a simplicial set, see, e.g., [10, p. 45-47].

In detail, let us write p, : E,, — B for the étale map corresponding to the sheaf E.,
on B, and let us say that an open set W C E,, is p-small if p,|W is a homeomorphism.
With the standard skeletal filtration | E|(™) of |E|, there is for each n a canonical quotient
map o™ : B, x A" — |E|("), whose restriction to E,, x 0A™ maps into |E|""!, to give
a pushout

E, x dA" s | E|(n=1)

|

En X A’Il

|E|(n)

On

By construction, |FE| has the inductive topolgy with respect to this skeletal filtration.
Since each projection E, x A® — E, — B is clearly an open map, so is the map
|E|(") — B for each n; so p: E — B is open. Next, following [10], we describe a
procedure for extending an open set U,_; C |E|™~" to an open set U, C |E|™ : for
z € E, and each t ¢ A™ with o™(x,t) € Up_, choose a small (in the above sense)
neighbourhood W, of z in E,, and a convex open neighbourhood V; of t in A", such
that o™ (W, x (V; N8A4™)) C Up,_1. Let U, be the union of the images under ¢ of all
these open sets W, x V; C E, x A™

Un =|J{0" (W x Vi) | (z,t) € En x A", 0™(z,t) € Up_1}.

Now suppose £ is any point of |E|. Then there exists a smallest k such that & = o (20, to)
for some xp in Ej and some interior point to of A*. Let Uy = o*(W x V), where W
is a p-small neighbourhood of x4 in E; and V is a convex open set in A* containing ¢.
Starting from this set Uy, define U, C Ug41 C - - - by the procedure just described, and
let U = Unzk U,,. This set U is an open neighbourhood of £ in |E|, and the collection
of all open neighbourhoods constructed in this way is a basis for the topology on {E|.
Moreover, since all neighbourhoods in the various E,, used in the construction are p-
small, the intersection U, of such an open set U C |E| with a fiber p~!(b) is an open set
of standard form in the realization |E[, of the simplicial set Ej,, hence is contractible,
see [10, p. 47].
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Appendix A

In the previous sections, we have proved that every locally simply connected local
equivalence relation on a space M has a monodromy groupoid essentially equivalent to
an étale groupoid (Theorem 3.6), and conversely, that every étale topological groupoid
arises this way (Theorem 5.1). In this appendix, we will rephrase these results in the
language of topos theory.

Recall (cf., e.g., [16, p. 127]) that a topos is a category (equivalent to the category)
of sheaves on a small site. One can equivalently define a topos to be a category which
satisfies the exactness conditions of “Giraud’s theorem” ([1, p. 303] and [16, p. 575]).
In the following, we will use no other topoi than those listed in the following examples.

Example A.1. (a) For any topological space X, the category sh(X) of sheaves on X is
a topos.

(b) For any topological groupoid G, the category BG of all G-equivariant sheaves is
a topos (the classifying topos of G).

(c) If € is a topos, and U is an object of &, then the “comma category” £/U is a topos
(see, e.g., [16, p. 190] and [1, p. 365]).

Recall also (from, e.g., [16, p. 348]) the definition of a (geometric) morphism f: £ — F
of topoi, as a pair of functors f.:& — F and f*:F — & (called direct and inverse
image, respectively), such that f* is left exact, and left adjoint to f,. This morphism f
is said to be an equivalence, denoted

f:€E~F,

if f* and f,. together define an equivalence of categories. Again, we will only use some
simple examples:

Example A.2. (a) A continuous map f: X — Y of topological space induces a mor-
phism of topoi f:sh{X) — sh(Y), [16, p. 348].

(b) A continuous homomorphism ¢: G — H between topological groupoids induces
a morphism between their classifying topoi B¢: BG — BH. If ¢:G —» H is an
essential equivalence, then B¢ : BG ~ BH (cf. Section 4 above and [18]).

(c) if £ is a topos and U is an object of £, the functor Y — (p;: U x Y — U) is the
inverse image of a geometric morphism £/U — €.

Definition A.3 [1, p. 482]. A topos £ is called an étendue if there exists an object U € &
and a topological space such that
(1) U — 1¢ is epi (1¢ is the final object of £);
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(ii) there exists an equivalence of topoi £/U ~ sh(X).

These étendue topoi were introduced by Grothendieck and Verdier in the context of
foliations and other local equivalence relations. In particular, it was conjectured in [1,
p. 489] that for a suitable local equivalence relation r on a space M, the category sh(M, r)
of r-invariant sheaves is an étendue if r satisfies certain (rather abstract) conditions.

The following theorem provides two concrete characterizations of étendue topoi. The
first description, expressed by the equivalence (i) < (ii), is proved in [1]. The second
characterization, expressed by (ii) > (iii), summarizes our earlier results. In particular,
the implication (iii) = (i) proves a form of the conjecture of Grothendieck and Verdier.

Theorem A.4. For a topos &, the following are equivalent:
(1) & is an étendue topos.
(ii) There exists an étale topological groupoid G such that £ is equivalent to the
category BG of G-equivariant sheaves.
(iii) There exists a space M and an (open, locally path connected) locally simply
connected local equivalence relation v on M such that £ is equivalent to the category
sh(M,r) of r-invariant sheaves on M.

(A further, equivalent, condition, follows by combining [26] and [12].)

Proof. As said, (i) < (ii) is in SGA4 ([1, p. 481]); the implication (iii) = (ii) is Theo-
rem 3.6 above, while Theorem 5.1 provides the implication (ii) => (iii). O

As pointed out in the introduction, we can now apply the Comparison Theorem of
[19] to characterize the weak homotopy type of sh(M,r).

Corollary A.5. For any (locally path connected, open) locally simply connected local
equivalence relation r on a space M, the topos sh(M,r) has the same weak homotopy
type as the classifying space BII\(M,r) of its monodromy groupoid.

Proof. By Theorem 3.6, sh(M,r) ~ BG for an étale groupoid essentially equivalent to
II)(M, ). Furthermore, by loc. cit. the canonical map BG — BG is a weak homotopy
equivalence. Finally, the essential equivalence G — I (M, r) induces a weak homotopy
equivalence of classifying spaces BG — BII{(M,r) (cf. [11]).
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