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CAHIERS DE TOPOLOGIE Vol. XXIIT-4 (1982 )
ET GEOMETRIE DIFFERENTIELLE

THE ALGEBRAIC THEORY OF MOVING FRAMES *
by Anders KOCK

In this note we aim at describing the algebraic structure which the
set of frames, i.e. the set of positively oriented orthonormal coordinate-
systems in physical space, has (under the assumptions: an orientation has
been chosen; a unit of measure has been chosen, say «meter»; and the
idealizing assumption that space is Euclidean). Of course, this set has a
well known structure: it can be identified with the group SO(3) X, R3
(semidirect product). Our point is to analyze how canonical this identifica-
tion is, or altemnatively, to free our algebraic thinking of space from resort=-
ing to «an arbitrary but fixed reference frame ».

So the aim is to axiomatize an objectively given reality as it is,
not as it becomes after an arbitrary choice. (Of course, the choice of the
orientation and the «meter» as unit is an arbitrary choice, which means that
we have not gone all the way in the program.)

The motivation was to get a more natural understanding of the Mau-
rer-Cartan form on the set of frames. This we present in detail elsewhere

in the context of synthetic differential geometry.

What canonical structure, then, does the set of frames have? Our
answer is that it is a «pregroup»: a set, equipped with a trinary operation
A(P, Q,R) which behaves as if it were the formation of Q. P, R in a
group. This trinary operation has an objective significance: A (P, Q,R)
is that unique frame which R is carried to by that rigid motion of space
which takes the frame P to the frame Q. It thus can be realized physically
by connecting R to P by a rigid system of rods, and then moving P to (.
Then R becomes M P,Q,R).

* This research was partially supported by the Australian Re search Grants Com-
mittee,
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A. KOCK 2

Another natural model for the axiomatics is elliptic 3-space, and
this model provides a way of thinking geometrically on pregroups, namely
by thinking of P, Q, R and A(P, Q, R) = S as the four corners of a (Clif-
ford) parallelogram: PQ «left» parallel to RS, PR «right» parallel to QS.

Our notion of pregroup may be said to be related to the notion of
group in the same way as the notion of affine space is related to the notion
of vector space, Note that physical space is canonically an affine space,
but only after an arbitrary choice of a base point, it becomes a vector spa-
ce. A pure algebraic axiomatics of affine space has been given in [ 11],
page 425.

Professor A. Ehresmann has kindly pointed out to me that already
in 1951, the Soviet mathematician V.V, Vagner [ 12] considered thenotion
of «coordinate structure» of which ours is a special case. He found the
same ternary operation (on the «set of coordinate systems») as we consider
here, except that he explains this operation in terms of coordinate changes,
rather than, as we do, in terms of motions,

Furthermore, Vagner identifies the equational theory of this temary
operation as the theory of the notion of «Schar» (H. Prnifer, and R. Baer
[ 1]) or «abstract coset» (j. Certaine [ 4]). Of coutse, then, Schar = as-
stract coset = pregroup, but our equational presentation of this noticn is
different from that of Priifer, Baer and Certaine, who also use axioms with
five variables, whereas our axioms have only four variables, Their axiom-
atization is the most natural when one wants to axiomatize the temary ope-

ration ab™l ¢ in the theory of groups, the typical axiom then being
(ablc)dle =abl(cdle) ;

- whereas our axiomatization grows out of the geometric interpretation.

(J. Certaine, in [ 4], also gives a notion of «system of free vectors» which,

in essence, is the same as our description of pregroups in terms of double

categories, Section 6.)
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THE ALGEBRAIC THEORY OF MOVING FRAMES 3

1. PREGROUPS: AXIOMS.

A pregroup is a set A equipped with a trinary operation A satisfy-
ing the Axioms 1-3 below. On basis of the axioms, it can be proved (see
Section 3) that any pregroup can be embedded into some group G insuch
a way that

AP,Q,R) = Q.P°1 R,
which, once this fact is proved, makes it unnecessary to remember the
axioms. Anyway, the axioms for pregroups, even though they don't look
very nice algebraically, can be drawn nicely, by the method of parallel-
ograms, as mentioned in the introduction. We do this for the case of Ax-
iom 3. Axiom 2 is redundant, and only included for future reference.

Finally, observe that the axioms are self-dual in the following sen-

se: if A,\ is a pregroup, we can give 4 another pregroup structure p,
by putting

p(P,Q,R) :=AP,R, Q).
The structure p is called the dual or opposite of A. The equational con-

sequences of the axioms therefore alsc come in pairs.

Axwm]. /\(P,Q,P)—_-O’ A(P,P,Q)=Q-
Axiom 2. MR, A(P,Q,R),P)=Q, XQ,P,A\(P,Q,R)) =R.
AxiOmB.. A(R,A(P,Q’R)’ T) =A(P’Q’ T)’

A(Q’Ts)\(PaQaR)) =AP,T,R).

We define two relations on the set 4 X4, called the geometric and

the analytic relation, respectively; namely write

(1.1) (P:Q) "g (R’S) if )\(P109R) =S
and
(1.2) (P,R) "a(Q,S) lf )\(PaQ’R)':S'
P ROPOSITION 1. The two relations g and -, are equivalence relations.

P ROOF. By the self duality of the theory, it suffices to prove this for the

case of e Now

(P’Q) 'g(P’Q) = )\(P’Q’P) =Q’
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A. KOCK 4

which is Axiom 1, proving reflexivity, Next assume (P, Q) o (R,S),
i.e. A\(P,Q,R) =S and prove (R,S) g (P,Q), i.e. A(R,S, P)=0Q.
But this holds by substituting A( P, Q, R) for S and using Axiom 2. Final-
ly assume

(P)Q) 'g(R’S) and (R’S) 'g(T,U):

i.e., \(P,Q,R) =S and A(R,S,T) =1U.
Substitute the former in the latter to obtain A\(R,A\(P,Q,R),T) =U. By
Axiom 3, the left hand side here is A\(P,Q,T). So A(P,Q, T ) = U, which
means (P,Q) g (T,U), as desired. Note that for the three proofs, we

used the first halves of the axioms. The proof that ~  is an equivalence

a
uses the three second halves of the axioms.

We write PZ) for the g equivalence class of (P, (Q), and P_? for

the -, equivalence class.
(The intention is: P_)Q is the motion which carries P into Q; IiQ is
the substitution which transforms coordinates with respect to P into coor-
dinates with respect to ( ; hence the names «geometric» and «analytic»

which we borrowed from E. Cartan [ 3], Section 62. PQ can also be thought

of as: the coordinate expression of P in the coordinate system Q.)

Given four points P, Q, R, S, then the following conditions are,

by the very definition, equivalent:
(1.3)  S=A(P,Q;R), PQ=RS, PR =Q5.

We indicate this state of affairs by saying that (P, Q, R, S) form aparal-

lelogram, and indicate it by a diagram

S

I

P

The arrowheads indicate those two pairs (P,(Q) and (R,S) which are

geometrically equivalent. They may be reversed:

(1.4) (PQ = KS) > (PR=QS) = (Q§ = PR) = (QP = SR)
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THE ALGEBRAIC THEORY OF MOVING FRAMES 5

but they may not in general be transferred to the other two edges of the
parallelogram since, unlike parallelograms in affine geometry, we do not
have P-)Q -RS> PR = Q—)S .

The first statement in Axiom 3 can be stated diagrammatically by

saying thart the third face of the prism

T AMP,AMP,Q,R), T)

i A(P,Q,R)
P Q

is also a parallelogram. There is a similar picture for the second half of

Axiom 3, a horizontaly concatenation of the two parallelograms, which

the reader may draw now, or when proving Proposition 2 below.

If G is a group, we can equip the underlying set of G as a pregroup
G?, by putting A(p, q,7) = q.p~L.r. It is trivial to verify the axioms.

As a second example of a pregroup, let A be the set of points in
elliptic 3-space (see e. g. [ 2] Section 3-5, or [9] VIIL.5). Let A(P,Q, R)
be the point where the line through R, left«(Clifford-) parallel to the line
[ 2,Q] through P and Q, intersects the line through Q, right-parallel to
[ P,R] (assuming P, Q, R distinct; for non-distinct points, the value
AP,Q, R) is forced by Axiom 1).

The third example, which is the main one has been mentioned in the

introduction : orthonormal frames in physical space.

2. THE TWO GROUPS ASSOCIATED TO A PREGROUP,

We let A* and Ay, respectivley, denote the set of equivalence
classes for -, respectively =, . Note that, given q ¢ 4 * and Re 4 , there
is a unique S¢ A so that g = ES; for, let ¢ = P_b ; and take S to be
A P,Q,R). A similar thing holds for 4.

>
Let ¢ and B be elements in At Represent ¢ as PQ and then 8
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A. KOCK ¢

as QT, and define
-> -> >
Boa=QToPQ :=PT.
P ROPOSITION 2. The structure o on A% is well defined and makes A*
into a group.
PROOF. To see that this is well defined, assume
- - > -
PQ=P'Q' and QT =Q'T".
Then we have two parallellograms in a «horizontal» prism, hence also the
third: PT = P'T’. - Associativity of the operation is obvious. PP is a
neutral element, and QP is inverse of PQ.
The group structure on A, is defined dually: PQ.QR : = PR.
> S >
The groups A* and Ay act on A from left and from right respec-

tively:
>
Letae A" and P¢ A. Find that Q so that ¢ = PQ and put ¢.P = Q;

SO

(3.1) PQ.P=Q.

Also let BeA, and P¢A. Find that R so that 8§ = PR and put
P.B=R; so

(3.2) P.PR = R.

It is evident that these actions are unitary and associative; for

associativity of the left 4 #-action, for instance, we have
(ORoPQ).P = PR.P =R = QR.Q = OR.(PQ.P).
Also, the left and the right actions commute: if A(P,Q,R) =S,
we have Pb = RS and I'_))R = Q_§, so that
PQ.(P.PR) = PQ.R = RS.R=S
and
(PQ.P).PR = Q.PR = Q.QS = S.
We claim that both the left and the right actions are pregroup auto=-

>
morphisms. To see this for the left action, say, assume g = PP'¢ 4 * and

that A(P,Q,R)=S. We must prove \(aP,aQ,aR)=aS. We have:
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THE ALGEBRAIC THEORY OF MOVING FRAMES 7

aP = P', and also

PQ=RS, PaP=0aQ=RaR=Sa8s.
From m = Im, we conclude by «reversing arrows, (1.4) » that a_I_;P =

aﬁ, so that
_— R - —_ J— - —_— _—
aPaQ =QaQo PQoaPP =SaSoRSocaRR =aRas,
which is the desired conclusion.

Finally the action is «principal homogeneous»: to a pair P, Q,

there exists exactly one g ¢ 4 * (namely Pb) that takes P to Q.

The proofs of the similar facts for the right action of A# are dual.

So we have

PROPOSITION 3. The formulae (3.1) and (3.2) define commuting left and
right- actions of the goups A* and Ay, respectively, on A, by pregroup
automorphisms, and the actions make A a left and right principal homo-

geneous object (or a « bi-torsor» ).

If G is a group, there are canonical group isomorphisms
->
G** 5 G and G?‘ » G givenby PQ b QP! and IiR |» PR,

They are well defined. For if P-)Q = R_)S, we have A\(P,Q,R) =S5, i.e.
S=QP IR so that SR! = QP! Similarly for the other isomorphism.
It is trivial to verify that they are group isomorphisms. Under the identifi-
cation G?*- G, the left action of G** on 6P =6 is just multiplication

by G on G from the left. Dually for the right action of Gl;# on G®=¢G .

3. NON-CANONICAL ISOMORPHISMS.

If we choose an element O ¢ A (in the frame situation, this would

be called «a frame of reference»), then we get bijections
bg:A> A% and y,y: A4,
>
given by ¢ o(P) = OP and ¢y(P) =0P, respectively.

PROPOSITION 4. ¢ and y 5 are isomomphisms of pregrups:
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A.KOCK 8

A= 4% and 4245,
PROOF. Let A(P,Q,R) =S. To prove the statement for ¢ , means to

prove that this implies
> A > ->
0Qo(0OP)"* cOR = O8S.
But (OP)"1= PO, and Pb = RS. The result is now immediate from the

definition of the group structure on A *,
0Qo PO oOR = PQoOR = RSo OR = 0S.

The proof for ¢, is similar. We note that the two group structures imposed
on A by ¢, and ¢y are identical.

In view of the interpretation

}lQ =« P expressed in the coordinate system ( »
it is more natural to consider
17/0: A~ A, given by 1210(P) = 110.,

It gives an isomorphism from A to the opposite pregroup of Ag .

COROLLARY. Every pregroup A admits an injective pregroup homomor-
phism A G® into some group G.

Combining the two non-canonical isomorphisms of Proposition 4 we

obtain a non-canonical isomorphism
c0=Upobyl: A* 5 4,: 0P b OP
0 0 o - % ) B
We analyze how non-canonical it is:

PROPOSITION 5. Let O, O' be points in A. Then apg.o€eg.=¢€g>» where
agg+ is the inner automomphism of A, given by the element QO'.
PROOF.Letae¢ A*, a = 5P = 07P', say. Then QO' = PP’. So
cola) = o b5 (0P) =y o(P) = QP = 00".0P". P'P =
=00".0'P".(00')" = agpleg La)).
It is possible to reformulate and strengthen the proposition into a

statement about the map A4 - Iso(A*, A,) being compatible with actions
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THE ALGEBRAIC THEORY OF MOVING FRAMES 9

of A* and A, (A, say, acts on the left on Iso(A*, Ay) via
Ay Iso(Ay, 4y),

«formation of inner automorphism», followed by composition).

4. COORDINATES.

In the pregroup A of orthonormal frames in space, A* has a can-
onical geometric interpretation as the group of Euclidean motions, whereas
A 4 canonically becomes identified with a definite algebraically described
group, namely the semidirect product SO( 3) Xy R3. To see this latter fact,
let PQe Ay.Let (B,v) e SO(3) X R% be given as follows: v is the coor=
dinat—;s of the base—po-int of P, relative to the coordinate sys-tem Q ; next
make a parallel translation of P so that its base point agrees with that of
Q and let the 3x 3 matrix __1_3 have for its rows the coordinates (with res-
pect to Q) of the three rods («vectors») that constitute P . In short, ( B, v)
is the coordinate expression of P relative to (., B

To PQ, associate (B,y) eSO(3)X% R3. It is well defined, for
P_)Q =RS iff PR = QTS The latter means that the rigid motion that carries
Q to S takes P to R, so that the coordinates of P relative to ) equal

the coordinates of R relative to S.

PROPOSITION 6. The canonical map Ay~ SO(3)XR3 becomes an iso-
mormphism of groups if we define the semi direct-product group structure on

the latter set by
(4.1) (B,y).(C.w) :=(B.C, y.

P ROOF. Let the frame P consist of the four points P,, P;, P,, P, and

e}

+w).

similarly for § and R . Let.us calculate the coordinate expression of PO

in the coordinate system R. We apply usual vector calculus in physical
->

space F : so P,P; is a vector in the vector space F* canonically asso-

ciated to F, since F is an affine space (see e. g. [ 11]). We have

>

RyFy = Ry Qp + Qopo=Rooo+zi v QpQ; =
= R0y + % vi-Cy - RoR.
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A, KOCK 10

This says precisely that the coordinates of P, in terms of the frame R is

w+p.C . - The calculation of B.C is similar,

The index a in SO(3) X, R3 refers to the group structure defined
by (4.1).

The canonical right action of A; on A can, under the canonical
identification Ay = S0(3) X, R3 be described as:
given PeA and (B,p) e SO(3) X R3, find that unique frame Q such

that P has coordinates ( B, p ) with respect to it.

The associative law of the action

(P(B,y)).(C,w) = P.((B,y).(Crw))
can be expressed by saying: if  has coordinates (C,w) with respect
to a frame R, then right multiplication (in SO( 3) Xq R-j) by (C,w) con-
verts coordinate expressions (for frames) in terms of into—_coordinate
expressions in terms of R. Also, if a point P in space has coordinates
v with respect to Q, then it has coordinates p. C + w with respect to R;

thus (C,w ) is a «coordinate transformation matrix»,

The Maurer~Cartan form on the set of frames A associates to an
infinitesimal motion P(t) of a frame P (i.e. a tangent vector to 4 at P)
the derivative at ¢t = 0 of P(t-z Pedy=150(3)x%, R?, which is an element
in the Lie algebra of the latter, and equals the derivative at ( of the coor-
dinate expression of P(t) in terms of P,

More generally, if A is a pregroup with a differentiable structure
compatible with the algebraic, we can canonically describe a 1-form on 4
with values in the Lie algebra L (A4y) (A, being in this case a Lie group)
namely as the derivative of ¢ b P(t_z PeAy. The Lie algebra L(4,) can
also be described as the set of vector fields on A which are left invariant
( = invariant under the left action of 4% ). In geometric terms these vector

fields are those whose field vectors form parallelograms under motions.

5. ALGEBRA OF FRAME BUNDLES : PREGROUPOIDS,

The notion of pregroup considered above can be weakened to a no-
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THE ALGEBRAIC THEORY OF MOVING FRAMES 11

tion of pregroupoid, which is an algebraic structure which (for instance)
the set A of orthonormal frames of an arbitrary Riemannian manifold M has.

Explicitly, a pregroupoid over a set M is a set 4 equipped with
a surjective map #: A » M and with a partially defined trinary operation
M, satisfying the six equations of Axioms 1-3 in Section 1 and Condition

(5.2) below. The condition for when A (P, Q, R ) is defined is
(5.1) #(P)=n(R) ;

and we assume that when this is the case

(5.2) 7(AM(P,Q,R))=n(Q).
Note that the axioms are no longer self-dual.
For the case of orthonormal frames on an n-dimensional Riemannian
manifold, A(P,Q,R) =S is taken to mean:

1) P and R are frames with same base point, whence it makes sense
to talk about the coordinates of P in terms of R (this being an orthogonal
nXn matrix) and

2) this matrix equals the coordinate matrix of () in terms of S (the

two frames (), S being again frames at the same point).

We define two relations "2 and -, as in Section 1; g is an equi-

valence relation on 4 X A defined by

(P’Q) "g(RaS) if )\(P,Q,R)ZS.

So if PQ = RS (in the notation of Section 1), then

a(P)=n(R)an(Q) =n(S).
Also, - is an equivalence relation on the set
AxyA = { (P,R) | a(P)=n(R)})
with
(P,R) -, (Q,S) if AM(P,Q,R)=3S.
The proof that these two relations are actually equivalence relations is

as in Section 1. The ~ -equivalence class of (P, R) is denoted PR.The

N
sets of e (respectively ~ -) equivalence classes are denoted 4 * and
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A.KOCK 12

Ay, respectively.
Generalizing the group structures on A* and Ay and their actions

on A, we have instead:

PROPOSITION 7. The set Ay carries anatural group structure and acts on
the right on A, making A into aright Ay-torsor ( = principa fibre bundle)
over M. The set A* carmies the structure of (the set of arrows of) a group-
oid with M as its setof objects, and A > M has the structure of a discrete
op-fibration (or internal diagram, e. g. [7]) over A*. The two actions of

A* ad A g on A commute with each other.

PROOF/ CONSTRUCTION. The construction of the group structure on A#,
and of its action on 4, is as in Section 2, since we, as there, for any
BeAy and Pe A, can find a unique R with PR = 3. This R is in the
same r-fibre as P, and from this follows that the action is fibrewise over
M . From the uniqueness of such R, given B, also follows that A > M is
in fact a torsor over 4.

To make 4* into a groupoid, we construct two maps d,,d;: Atsm by

8o(PQ) =n(P), 3,(PQ) ==(Q).
This is well defined, since if PQ = RS, then A(P,Q,R) = S, so that
7(P)=n(R) by(5.1) and #(Q) =n(S) by(5.2).

If 9;(PQ) =3,(QT') wehave 7(Q) =n(Q") so that we can form
MQ', T',Q) =T, and we then put

0"T's PQ = PT.
This defines the composition of the groupoid. The unit over me M is P—}’
for any P with 7(P) =m.

If e A* has dpla) =m ¢ M, and P is in the fibre over m, we can
represent g in the form P—)Q and define q.P = Q. Now 7(Q) =9;(a). So
each arrow ¢ of A" defines a map & from the ao(a)-fibre of A to the
d,(a) -fibre of A . This is the structure of «discrete op-fibration», or «left
action» of the groupoid A* on A » M. The proof that § commutes with the

right fibrewise action of A, is as in Section 2. This proves the proposition.
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THE ALGEBRAIC THEORY OF MOVING FRAMES 13

We finally give a partial analysis of the remaining relations bet-
ween the notions: pregroupoid, torsor, groupoid.

Given a right G-torsor A > M over M, we can make A into a pre-
groupoid by putting, for #(P) =#(R):

AMP,O,R) := Q.g,
where g ¢ G is the unique group element with P, g = R.

Then A* is canonically isomorphic to the groupoid A A construct-
ed in [5] page 34 or [ 10] page 25, and A4 is canonically isomorphic to
the group G.

Given a groupoid I" (where we compose from right to left) with M
as its set of objects, we get, by choosing an my ¢ M (thus non-canonically),
a pregroupoid 4 = Fb(m,) over M by letting the fibre over m e M be
hom (my, m ). Then we put

MP,Q,R) = QoPloR,

which makes sense if #(R) =n(P), i.e. if d;(P) =09;(R). Then At
is canonically isomorphic to I', by the well defined map PQ » Q 0P,

and 4, is canonically anti-isomorphic to homp(m,m,) via PRt RioP.
>

6. PREGROUPS AND PREGROUPOIDS AS DOUBLE CATEGORIES.

We remind the reader of the notion of (small) category, and the spe-
cial cases groupoid (all arrows are invertible), and preorder (all diagrams
commute). An equivdlence relation is a groupoid which is also a preorder
(there exists an arrow P > Q iff P and Q are equivalent).

We also recall the notion of double category (cf. [ 6], 1.4 or [8],
1.1). A double groupoid is a double category in which every square is in-
vertible, for the horizontal as well as for the vertical compositions. It fol-
lows that the horizontal arrows form a groupoid and so do the vertical ones,
Similarly for the notion of double preorder.

Finally, a double equivalence relation is a double groupoid which
is a double preorder. It induces two ordinary equivalence relations =~ and
- on its sets of objects. Conversely, given a set 4 with two equivalence

v
relations - and -, then these arise in this way, provided it is possible
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A.KOCK 14

to declare certain quadruples (P, Q, R, S) (where
P-h 0, R-h S, P-UR’ Q-’U SH

to be squares, in such a way that certain stability conditions hold; thus,

for P "h Q,
(6.1)1 (P,0,P,Q) isa square

(expressing existence of vertically neutral squares) ; also
(6.2); (P,Q,R,S) square = (R,S,P,Q) square
(expressing that squares can be vertically inverted) ; and

(6.3)1; (P,Q,R,S) square and (R, S, T,U) square
=> (P,Q,T,U) square

expressing that squares can be vertically composed.

Similarly (6.1)2 s (6.2)2, (6.3)2 for the horizontal composition.

A double category is said to have unique fillers if for any pair con-
sisting of a vertical arrow and a horizontal arrow with common domain,

there exists a unique square with the two given arrows as its domains.

PROPOSITION 8. To equip a set A with a pregroup structure is equivalent
to making A the set of objects of a double equivalence relation with uni-
que fillers, for which both =y and - are codiscrete (i.e. have just one
equivdlence class).

PROOF. Let A have a pregroup structure ). We declare a quadruple
(P,Q,R,S) to be a square if S=A(P,Q,R). Then Axiom 1 yields
(6.1), Axiom 2 yields (6.2), and Axiom 3 yields (6.3). So we have a dou-

ble equivalence relation, and by the very construction it has unique fillers.

Also, for any P, Q, R ¢ A,
(6.4) P~ Q and P~ R.

Conversely, given a double equivalence relation with unique fillers,
with ~p and - both codiscrete, for any P, ¢ and R, we have (6.4), so
there is a unique square with (P, Q) and (P, R) as its vertical, respece

tively horizontal domain. The fourth comer of this square is declared to
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THE ALGEBRAIC THEORY OF MOVING FRAMES 15

be A\(P,Q, R) . The Axioms 1, 2 and 3 now follow by the uniqueness of
fillers, and the fact that we have neutral, inverse and composite squares

in a double groupoid.

We remark that the correspondence given in the proposition identi-
fies the category of pregroups with a certain full subcategory of the cat-
egory of double categories.

Let us also remark that the notion of «pregroupoid over a set M» as
developed in Section 5, can be expressed in terms of double equivalence
relations, namely: a double equivalence relation with unique fillers, in
which - is codiscrete, but where the set of equivalence classes for v
is M.

Note that, when we view a double category as a category object in
Cat, then we may express the «unique filler» condition as follows: the
functor «domain» from the category of morphisms (i. e. the category of squa-
res for horizontal composition) to the category of objects (i. e. the category
of horizontal arrows) is a discrete op-fibration. (I am indebted to M. Adel-

man for this observation.)

February 1980
Revised March 1982
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