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Abstract. We reveal a connection between coordination mechanisms
for unrelated machine scheduling and cost-sharing protocols. Using this
connection, we interpret three coordination mechanisms from the recent
literature as Shapley-value-based cost-sharing protocols, thus providing
a unifying justiﬁcation regarding why these mechanisms induce potential
games. More importantly, this connection provides a template for designing novel coordination mechanisms, as well as approximation algorithms
for the underlying optimization problem. The designer need only decide
the total cost to be suﬀered on each machine, and then the Shapley
value can be used to induce games guaranteed to possess a potential
function; these games can, in turn, be used to design algorithms. To verify the power of this approach, we design a combinatorial algorithm that
achieves an approximation guarantee of 1.81 for the problem of minimizing the total weighted completion time for unrelated machines. To the
best of our knowledge, this is the best approximation guarantee among
combinatorial polynomial-time algorithms for this problem.

1

Introduction

Since the 1950s, the study of scheduling has played a central role in both operations research and computer science. Machine scheduling models have provided
a very useful abstraction that has enabled researchers to devise solutions with a
wide range of applications. Depending on the context, the “machine” that the
schedule is applied to can range from an airport runway serving multiple airplanes, and a classroom used for several courses, to a CPU that needs to process
a set of jobs. In all of these examples, the ultimate goal is the eﬃcient utilization
of scarce resources. Most of the initial work on machine scheduling focused on
designing algorithms that yield eﬃcient schedules, where eﬃciency is quantiﬁed
using a measure such as the makespan or the total weighted completion time
of the jobs (e.g., see [25]). In the last two decades, motivated by the prevalence of large decentralized environments where the scheduler may have limited
information or limited power in enforcing the schedule, many of these machine
scheduling problems have been revisited from a game-theoretic point of view.
c Springer International Publishing AG 2017

N. R. Devanur and P. Lu (Eds.): WINE 2017, LNCS 10674, pp. 74–87, 2017.
https://doi.org/10.1007/978-3-319-71924-5_6

Coordination Mechanisms, Cost-Sharing, and Approximation Algorithms

75

In a well-studied example of such a problem, each user controls a job that may
require diﬀerent processing times on each machine. These users are self-interested
and they can decide which machine their job is assigned to, aiming to minimize
its completion time. Each machine, however, is equipped with a decentralized
scheduler, a coordination mechanism [12], that decides how the jobs assigned to
that machine will be scheduled. Given the strategic nature of the users (which
we henceforth call players since they are engaged in a game), these policies aﬀect
(and, in a sense, coordinate) their behavior. Unlike scheduling algorithms, which
have full control over the outcome and can directly output eﬃcient schedules,
coordination mechanisms need to provide the appropriate incentives such that
the game induced among the users leads to eﬃcient schedules in equilibrium.
Therefore, a highly desired property for a coordination mechanism is to induce
potential games: these games guarantee the existence of pure Nash equilibria as
well as convergence to them after ﬁnite sequences of steps. The price of anarchy
measure can then be used in order to evaluate how ineﬃcient the equilibria of
these games may be, compared to the most eﬃcient schedule.
The design of coordination mechanisms has often borrowed results from the
literature on scheduling algorithms. For instance, when the eﬃciency is measured
using the total weighted completion time objective, it is known that the best
way to schedule the jobs assigned to each machine is based on the Smith’s rule
policy [33]. This scheduling policy is therefore a natural ﬁrst candidate to use
when designing a coordination mechanism. But, it turns out that the resulting
coordination mechanism may induce games that have no pure Nash equilibria
[16]. Furthermore, the price of anarchy of this mechanism is 4 [15], which falls
short compared to other mechanisms in this setting. Speciﬁcally, Cole et al. [15]
propose two alternative coordination mechanisms, ProportionalSharing and Rand
(deﬁned in detail later), and they show that their price of anarchy is 2.618
and at most 2.133, respectively. Furthermore, both of these mechanisms induce
potential games. As a result, the optimal coordination mechanisms need not be
similar to the best scheduling algorithms.
A much more surprising fact is that ideas from coordination mechanisms can
actually help in designing new scheduling algorithms! In particular, if one can
compute, or at least approximate, an equilibrium of a mechanism with good price
of anarchy, then this implies a good approximation algorithm. Using this approach, Cole et al. [15] obtained a 2 + -approximation algorithm for minimizing
the total weighted completion time. They ﬁrst deﬁned a novel coordination mechanism, Approx, which induces potential games, and then designed a local-search
algorithm that computes an assignment of jobs to machines by mimicking the
best-response dynamics of the players in the game induced by Approx. Once the
desired assignment of jobs to machines was reached, the algorithm then used the
Smith’s rule policy to schedule the jobs within each machine. What is very interesting about this result is that it uses the game-theoretic analysis to design an,
otherwise counter-intuitive, algorithm with appealing performance guarantees.
Can the ideas behind the design of Approx be generalized to a template that
yields even more eﬃcient combinatorial approximation algorithms?
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Related Work

Since the deﬁnition of coordination mechanisms [12], a long list of papers has
mostly focused on the design of policies in machine scheduling settings, aiming to
minimize the makespan (e.g., [2,5,7–9,22,23]) or the total (weighted) completion
time (e.g., [1,15,16,20]). Apart from machine scheduling settings, coordination
mechanisms have also been proposed for congestion games [14].
A literature that is very closely related to coordination mechanisms aims to
design cost-sharing protocols that yield eﬃcient equilibria (e.g., [3,11,13,17–19,
24,27–29]). Two of the most well-known cost-sharing protocols are the marginal
contribution and the Shapley value [31].
The problem of scheduling jobs on unrelated machines aiming to minimize
the total weighted completion time has been studied extensively in the machine
scheduling literature (for a detailed list of some of the classic results see [25,
Chap. 11]). For instances in the speciﬁc machine model of unrelated machines
that we consider in this paper (formally deﬁned in the following section), until
very recently, the best approximation guarantee was a factor or 1.5, obtained
using a convex quadratic relaxation of the problem [30,32]. This has now been
marginally improved by Bansal et al. [6] and Li [26] who showed that an approximation factor better than 1.5 is possible: their algorithms achieve a (1.5 − c)–
approximation for an insigniﬁcantly small, yet positive constant c.
1.2

Our Results

In this paper, we study the interplay between coordination mechanisms and
scheduling algorithms in more depth, and we also uncover interesting connections
between coordination mechanisms and cost-sharing policies. As our ﬁrst conceptual contribution, we observe (in Sect. 3) that the three coordination mechanisms
ProportionalSharing, Rand, and Approx all follow a common recipe: these mechanisms can be deﬁned as Shapley-value cost-sharing protocols. The Shapley-value
is known to induce potential games, hence, the existence of a potential function
follows immediately. This suggests a reverse engineering approach in the design
of coordination mechanisms: all the designer has to do is to deﬁne an appropriate function that maps sets of jobs within each machine to a total cost. Then,
the Shapley-value cost-sharing method is used to divide the total cost within
each machine to the jobs; the cost charged to each job is then translated into a
(weighted) completion time of the particular job.
In the above recipe, there is a feasibility constraint that has to be satisﬁed
for the induced coordination mechanisms to be well-deﬁned: there has to exist a
feasible schedule of the jobs such that their completion times yields the desired
costs. This is not necessary, however, when designing combinatorial approximation algorithms for the underlying optimization problem. It suﬃces to deﬁne
appropriate total cost function and, as in [15], mimic the strategic behavior of
(hypothetical) players that experience the Shapley-value share as cost. The last
step of using the Smith’s rule within each machine to compute the ﬁnal schedule
ﬁxes possible feasibility issues. This template is presented in detail in Sect. 4.
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Our main technical contribution is the analysis of a class of combinatorial
approximation algorithms that follow the template above. The best among them
achieves 1.81-approximate schedules with respect to the total weighted completion time objective. This improves the algorithmic result of Cole et al. [15] and,
to the best of our knowledge, is the best worst-case approximation guarantee by
a combinatorial polynomial-time algorithm for the problem. Better results are
possible for particular input instances. We complement these results by showing
(in Sect. 5) that none among the three coordination mechanisms ProportionalSharing, Rand, and Approx can be used to obtain approximation guarantees better
than 2 using this template. Furthermore, we use this last result to obtain a tight
lower bound of 4 on the price of anarchy of Approx.
Section 2 is devoted to preliminary deﬁnitions and notation. We conclude in
Sect. 6. Due to lack of space, all proofs have been omitted; they will appear in
the ﬁnal version of the paper.

2

Preliminaries

We consider machine scheduling instances that consist of a set I of m machines
and a set J of n jobs. We denote by pij the processing time of job j on machine
i and by wj the weight of job j. The Smith ratio ρij is deﬁned as the ratio
pij /wj . An assignment σ is a function that assigns each job j to a machine
σj that processes the job. The standard notation (σ−j , i) is used to denote the
assignment in which job j is assigned to machine i while the remaining jobs use
the same machine they use in σ. We denote by Ji (σ) := {j ∈ J : σj = i} the
set of jobs assigned by σ to machine i. In general, we focus on the unrelated
machines setting, where the processing times pij can be arbitrary. In the related
machines setting, each machine i has a speed si > 0, each job j has a processing
requirement pj , and the processing times are deﬁned as pij = pj /si .
A coordination mechanism comprises a set of local scheduling policies, one
for each machine. A scheduling policy for a machine i determines the schedule
of the jobs assigned to machine i by σ. The scheduling policy for machine i
is local if it does not depend on the set of jobs assigned to other machines. A
coordination mechanism A simply deﬁnes the completion time cA
j (σ) of job j on
machine σj . As scheduling policies are local, cA
can
be
equivalently
deﬁned as a
j
function
of machine σj and the set of jobs Jσj (σ) only. The quantity C A (σ) :=

A
time (or total weighted cost) of
j∈J wj cj (σ) is the total weighted completion

assignment σ. We use the notation CiA (σ) := j∈Ji (σ) wj cA
j (σ) to refer to the
total weighted completion time of the jobs assigned to machine i, i.e., C A (σ) =

A
i∈I Ci (σ).
For instance, the SmithRule scheduling policy schedules the jobs assigned to
machine i in a non-decreasing order of their Smith ratios ρij ; for resolving ties
between pairs of jobs j and k with the same Smith’s ratio, a common tie-breaking
rule is used in all machines. We use the notation ρij ≺ ρik to denote the fact
that either ρij < ρik , or ρij = ρik but j gets higher priority by the tie-breaking
rule. A coordination mechanism can be randomized; in this case, the scheduling
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policy within each machine is randomized, i.e., a probability distribution over
deterministic policies.
Assuming that each job is controlled by a self-interested player who decides
the machine on which her job will be assigned, a coordination mechanism naturally deﬁnes a strategic game among the players. Each player has any machine as
possible strategy and her cost is simply the (expected) weighted completion time
of her job as deﬁned by the coordination mechanism. Hence, in an assignment
σ, the cost of player j when the coordination mechanism A is used is simply
wj cA
j (σ). Then, the assignment σ is a pure Nash equilibrium if no player has
any incentive to deviate from her strategy in σ.
A desirable property from a coordination mechanism is to deﬁne potential
games. This means that there exists a potential function ΦA (·) that is deﬁned
over assignments with the property that for every pair of assignment σ and σ 
that diﬀer only in the strategy of a single player j, it holds ΦA (σ) − ΦA (σ  ) =
A

wj cA
j (σ) − wj cj (σ ). The existence of a potential function implies that a pure
Nash equilibrium not only exists but can also be found after a ﬁnite sequence of
improving deviations (e.g., best-response deviations) by the players.
The total weighted completion time is a natural social cost measure that can
be used to assess the quality of equilibria. The price of anarchy of a scheduling
instance is then deﬁned as the worst-case ratio of C A (σ)/OPT, where σ is a pure
Nash equilibrium of the game induced by mechanism A on instance M and OPT
denotes the minimum value of total weighted completion time over all possible
assignments and schedules (i.e., including schedules that are not produced by
A) of jobs to machines.
Beyond machine scheduling settings, cost-sharing protocols deﬁne ways in
which a total cost is to be shared among a set N of agents who are competing
for a collection of resources. Each resource i is characterized by a cost function
Ci : 2N → R+ , which quantiﬁes the total cost that this resource would suﬀer,
depending on the subset of the agents that end up using it. For the system to
support itself, the agents using a resource need to contribute some amount such
that their total contributions cover the total cost that they cause. The decision
regarding how the cost fj that each agent j needs to contributed is deﬁned by a
cost-sharing protocol. If the cost-shares that this protocol charges to the agents
S ⊆ N using a resource i always add up to exactly the total cost Ci (S), then
the cost-sharing protocol is called budget-balanced. Under some circumstances,
the cost-sharing protocol may also charge the agents more than the total cost
that they generated, which is often referred to as over-charging.
Two of the best-known cost-sharing protocols are the marginal contribution
and the Shapley value [31]. According to the marginal contribution, the costshare of each agent j ∈ S is equal to Ci (S) − Ci (S \ {j}), i.e., equal to the
increase in the total cost due to the presence of j. As long as the cost functions,
Ci (·) are supermodular, these cost-shares cover the total cost, but they may
be overcharging the agents. On the other hand, the Shapley value is budgetbalanced and the cost-share of each agent j is equal to the expected value of
the following process: order the agents of S uniformly at random, let S<j be the
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subset of these agents that lie before j in the ordering, and charge j a cost of
Ci (S<j ∪ {j}) − Ci (S<j ). In other words, the agents arrive in that random order
and each one of them is charged for her marginal contribution with respect to
the agents that have arrived up to that point.
We remark that cost-sharing protocols can be naturally deﬁned on machine
scheduling instances with each machine corresponding to a resource and with
each job corresponding to an agent. This is exactly the analogy we consider in
the next section.

3

Coordination Mechanisms as Cost-Sharing Protocols

In this section we revisit coordination mechanisms that led to surprisingly good
price of anarchy guarantees through the lens of cost-sharing protocols. In particular, we reveal that these mechanisms can be interpreted as Shapley value costsharing protocols of appropriate total cost functions. This connection directly
explains why these mechanisms induce potential games, and it sets the stage
for a framework that enables the design of novel local-search approximation
algorithms, discussed in Sect. 4. In this section we ﬁrst discuss the coordination
mechanisms analyzed in [15], and then we prove how all of these mechanisms
can be viewed as cost-sharing protocols.
3.1

Coordination Mechanisms

Arguably the most natural scheduling policy for the problem of minimizing the
total weighted completion time is the SmithRule (SR). This is a deterministic
policy which schedules the jobs assigned to each machine i without preemption,
in non-decreasing order with respect to their smith ratios ρij . When the weights
of all the jobs are equal, this reduces to the shortest–ﬁrst policy and, for any
given assignment σ, the SmithRule policy is known to minimize the total weighted
completion time [33]. Formally, the weighted completion time of each job j under
the SmithRule policy is:

wj pik + wj pij
wj cSR
j (σ) =
k∈Ji (σ)
ρik ≺ρij

Cole et al. [15] analyzed the game induced by the SmithRule coordination
mechanism and showed that its price of anarchy is exactly 4. They also showed
that, any mechanism that uses a deterministic policy that orders the jobs without
preemption has a price of anarchy of 4.
To achieve a price of anarchy better than 4, Cole et al. [15] analyzed a deterministic but preemptive scheduling policy called ProportionalSharing (PS), and
they showed that its price of anarchy is 2.618. According to this policy, all jobs
are scheduled in parallel, with each job j receiving a fraction
 of machine j’s
processing time that is proportional to its weight, i.e., wj / k∈Ji wk . The completion times of this scheduling policy are actually equivalent to scheduling the

80

I. Caragiannis et al.

jobs in a nonpreemptive fashion, just as SmithRule would, but then delaying the
completion of each job by an appropriate amount. Although these delays increase
the social cost of any given assignment, Cole et al. [15] show that this changes the
equilibrium structure of the induced game, thus leading to signiﬁcantly more eﬃcient equilibria. The delay that a job j suﬀers beyond its SmithRule completion
time is equal to the externality that it
causes to jobs that SmithRule schedules
after them on the same machine, i.e., k:ρik ρij wk pij . Formally, the weighted
completion time of job j under the ProportionalSharing policy is:


wj cPS
wj pik +
wk pij + wj pij
j (σ) =
k∈Ji (σ)
ρik ≺ρij

k∈Ji (σ)
ρik ρij

Rand (R) is a randomized scheduling policy according to which, given two jobs
j and k assigned to the same machine i, the probability that job k is processed
ρij
. Once the order of the jobs is randomly
before job j is equal to qkj := ρij +ρ
ik
generated, the jobs are scheduled one after the other, without preemption. Thus:


ρij
wj cRj (σ) =
qkj wj pik + wj pij =
wj pik + wj pij
ρij + ρik
k∈Ji (σ)\{j}

k∈Ji (σ)\{j}

Cole et al. [15] showed that this randomized mechanism has a price of anarchy
of 2.133.
Finally, Approx (A) is a deterministic scheduling policy that Cole et al. [15]
deﬁned not aiming for an improved price of anarchy bound, but rather for the
design of an approximation algorithm for the underlying optimization problem.
In particular, the completion times deﬁned by this policy are equal to those of
the ProportionalSharing policy, but with the addition of delays for each job j on
machine i by exactly pij .


wj pik +
wk pij + 2wj pij
wj cAj (σ) =
k∈Ji (σ)
ρik ≺ρij

k∈Ji (σ)
ρik ρij

The price of anarchy of this mechanism is at most 4, and it can be used to
deﬁne a polynomial time approximation algorithm for the underlying optimization problem with an approximation factor of 2.
3.2

Cost-Sharing Protocols

In the cost-sharing literature, the group of agents using some resource generates
a cost on that resource. This cost depends on the nature of the resource at hand,
as well as the set of agents using it, and the goal of the cost-sharing protocol is
to share this cost among the users of the resource. At ﬁrst glance, this is unlike
the coordination mechanisms deﬁned above, whose scheduling policies deﬁne the
costs of the agents directly rather than sharing some well-deﬁned cost. However,
there is a natural connection between cost-sharing protocols and coordination
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mechanisms. Given an assignment σ, one can assume that this assignment causes
a (social) cost of at least CiSR (σ) on each machine i, since SmithRule is the policy
that minimizes that social cost. Hence, the SmithRule policy can be interpreted as
a cost-sharing protocol that decides how this social cost is to be shared among
the agents. In fact, this is a budget-balanced cost-sharing protocol since the
cost that SmithRule divides among the agents adds up to exactly CiSR (σ). More
generally, using this approach, we can interpret any coordination mechanism A
that induces a social cost CiA (σ) on machine i as a cost-sharing protocols that
decides how this social cost needs to be divided among the jobs using machine i.
The following lemmas reveal that, rather surprisingly, ProportionalSharing, Rand,
and Approx are all using the exact same cost-sharing protocol to divide their total
cost: the Shapley value!

Pr[S, Ji (σ)](Ci (S ∪ {j}) − Ci (S)),
fj (σ) =
S⊆Ji (σ)\{j}

where Pr[S, Ji (σ)] is the probability that the set of jobs that lie before j in the
random ordering is exactly the set S.
Lemma 1. ProportionalSharing, Rand, and Approx are all equivalent to the Shapley-value cost-sharing of cost functions C PS (σ), C R (σ), and 2C SR (σ) respectively.
One important implication of this lemma is that the connection to the Shapley value cost-sharing directly implies that the induced games are potential
games, and it also directly implies what the potential function is. Without this
observation, Cole et al. [15] had to provide three separate proofs to prove that
these games always possess pure Nash equilibria.
More importantly, another implication of this lemma is that it provides a general way of designing coordination mechanisms that are guaranteed to induce
potential games: deﬁne a cost function Ciα (σ) for each machine i, which can
depend arbitrarily on the set of jobs assigned to that machine, and then use
the Shapley value in order to deﬁne the cost-share that each job should suffer. It is important to emphasize that a critical diﬀerence between cost-sharing
protocols and coordination mechanisms is that the latter are restricted by feasibility constraints implied by the scheduling model. That is, there has to exist
some feasible schedule for processing the jobs such that each job’s cost is equal
to what is dictated by the cost-sharing protocol. For instance, in our model,
SmithRule is the only budget-balanced mechanism that is also feasible, since any
other feasible way of scheduling the jobs would necessarily lead to a higher social
cost. An interesting future research direction would be to understand what constraints on the cost function Ciα can guarantee the feasibility of the Shapley
value cost-sharing schedule. However, the main result of this paper shows that,
even when the induced mechanisms do not yield feasible schedules, they can be
used to design novel approximation algorithms for the underlying optimization
problem.
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Approximation Algorithms via Cost-Sharing

Even if the mechanism designer could control which machine each job is assigned
to, the problem of computing a feasible schedule that minimizes the total
weighted completion time is known to be APX-hard [21]. The best approximation factor guarantee was only very recently improved beyond 1.5, using elaborate lift-and-round techniques on convex programming relaxations, to reach
an approximation factor no less than 1.4999 [6]. The machine scheduling literature has traditionally emphasized the importance of combinatorial algorithms
which, unlike convex program-based solutions, provide more intuition regarding
the structure of the problem at hand. To the best of our knowledge, the combinatorial algorithm providing the best approximation guarantees for this problem,
prior to our work, yields a factor of 2 +  for some arbitrarily small constant
 > 0 [15].
In light of the connection between coordination mechanisms and cost-sharing
identiﬁed in the previous section, and using the fact that the Shapley value
cost-sharing protocol is guaranteed to induce potential games, we now propose
a general framework for designing combinatorial approximation algorithms for
this problem, using mechanisms based on the Shapley value. The following steps,
explained in more detail later on, provide a high-level description of our framework for designing such algorithms:
1.
2.
3.
4.

For each machine i and each subset of jobs Ji deﬁne some cost Ci (Ji )
Using the Shapley value protocol, deﬁne the cost fj (Ji ) for each j ∈ Ji
In a polynomial number of best-response deviations, reach an assignment σ
Assign the jobs according to σ and process them using the SmithRule order

The key ingredient in this framework is that, using the Shapley value to
divide the chosen costs, Ci (Ji ), is guaranteed to induce a potential game. This
implies that any sequence of best response dynamics will eventually lead to
an assignment that is a pure Nash equilibrium of this game. This may require
an exponential number of such deviations but, as we show, we can guarantee
that a polynomial number of deviations suﬃces for this approach to reach an
assignment that is an approximate equilibrium. As a result, if our choice of Ci (Ji )
gives rise to high quality (approximate) equilibria, then this framework yields a
high quality polynomial time algorithm1 .
The (2 + )-approximation algorithm proposed by Cole et al. [15] for this
problem can be directly presented as an instantiation of this framework. Their
algorithm uses Approx to deﬁne the costs Ci (Ji ) := CiA (Ji ) in the ﬁrst step
and, unbeknownst to them, this mechanism divides these costs among the jobs
according to the Shapley value protocol, as we showed in Lemma 1. Then, they
prove that the induced game is, in fact, a potential game, and they use this
1

Note that computing the Shapley value cost-shares can be non-trivial, or even
intractable, if the Ci (Ji ) is arbitrarily general, but most of the natural choices for
this function provide suﬃcient structure for the shares to be readily computable, as
veriﬁed in the previous and the following section.
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to show that a polynomial number of deviations will lead to an assignment σ
whose social cost is essentially no worse than that of any equilibrium of the
game induced by Approx. Since the price of anarchy of Approx is at most 4, the
assignment σ that this algorithm computes satisﬁes C A (σ) ≤ (4 + )C SR (σ ∗ ).
But, since C A (σ) = 2C SR (σ), this implies that C SR (σ) ≤ (2 + )C SR (σ ∗ ), thus
verifying the approximation factor. A more natural presentation of the same
algorithm would instead use the optimal social cost, Ci (Ji ) := CiSR (σ), in the ﬁrst
step; we refer to the mechanism that shares this optimal cost using the Shapley
value as ShapleyValue. Lemma 1 implies that the game induced by ShapleyValue is
essentially the same as the one induced by Approx: for every possible assignment
σ, the cost of every job j in Approx is exactly twice its cost in ShapleyValue,
i.e., fjA (σ) = 2fjSR (σ). As a result, the set of equilibrium assignments is exactly
the same, and the fact that the price of anarchy of Approx is at most 4 implies
that the price of anarchy of ShapleyValue is at most 2. Note that there may not
exist feasible schedules that yield completion times compatible with the costs of
ShapleyValue, but this is irrelevant since this mechanism is used only as a guide
for designing an approximation algorithm.
The obvious open question is whether we can leverage the systematic approach suggested by this framework in order to design improved approximation
algorithms. In the following section we show that neither Approx, Rand, or ProportionalSharing can be used to get a better approximation algorithm. However,
in the rest of this section, we analyze all the mechanisms that are convex combinations of ShapleyValue and ProportionalSharing and, using our framework,
we propose new approximation algorithms, one of which leads to an improved
approximation factor of 1.81.
4.1

Approximation Algorithms

Cost Functions. We embark on our search for improved approximation algorithms by considering a class of cost functions that are combinations of the costs
implied by ShapleyValue and those implied by ProportionalSharing. We parameterize this class of mechanisms using a value β > 0, and let H(β) be the
mechanism whose social cost on each machine i is
C H(β) (σ) = 2βC SR (σ) − (2β − 1)η(σ),
 
where η(σ) = i∈I j∈Ji (σ) wj pij is an abbreviation that we use extensively
in the following. It is easy to verify that C H(β) (σ) can be expressed as the
combination κC SR (σ)+λC PS (σ) for appropriate constants κ and λ. In particular,
ProportionalSharing and ShapleyValue are the mechanisms H(1) and H(1/2) of the
above class. If we share this cost among the set of jobs Ji using machine i, the
cost-share of player j ∈ Ji is


H(β)
wj pik + β
wk pij + wj pij .
fj (Ji ) = β
k∈Ji
ρik ≺ρij

k∈Ji
ρik ρij
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Since we use the Shapley value for cost-sharing, the induced potential game
has the following potential function: ΦH(β) (σ) = 12 C H(β) (σ) + 12 η(σ).
-approximate -equilibrium. The algorithms that we propose compute an approximate -equilibrium of the game induced by H(β). For the deﬁnition of the
-approximate -equilibrium, we follow the notation of [4]. Given an assignment
σ and a player j, denote by σj a best-response strategy of j. Hence, σj minimizes
H(β)

H(β)

H(β)

fj (σ−j , ·) over all strategies of player j. Let Δj (σ) = fj (σ)− fj (σ−j , ·)
denote the maximum decrease inher cost player j can gain when deviating from
her strategy in σ, and Δ(σ) = j∈J Δj (σ) denote the sum of these quantities
over all players. If Q denotes the set of players j who can improve their cost
H(β)
by more than an  fraction, i.e., Δj (σ) > fj (σ), then we say that σ is an
-approximate -equilibrium if the
total relative beneﬁt that these players can
accrue via unilateral deviations is j∈Q Δj (σ) ≤ C H(β) (σ).
Algorithm A(β, ). Given parameter values for β and , the A(β, ) algorithm simulates a restricted sequence of best-response play in the game induced
by H(β) until an -approximate -equilibrium assignment σ is reached. The
restricted sequence begins with an arbitrary assignment and continues while
an -approximate -equilibrium has not been computed. In each step, among all
players who have a deviation that can improve their cost by at least a factor
of , the player who can improve her cost the most is picked to follow a bestresponse strategy. Once the assignment σ is reached, the algorithm terminates
by scheduling the jobs within each machine in this ﬁnal assignment according to
SmithRule.
Adapting the results of Awerbuch et al. [4] in our setting (the important condition that allows this adaptation is that ΦH(β) (σ) ≤ C H(β) (σ)), we obtain that
the above algorithm
 is guaranteed to ﬁnd an -approximate -equilibrium after
O

n


ln Φ

H(β)

(σ0 )
H(β)
Φmin

player moves. Here, n is the number of players, σ0 denotes
H(β)

the initial state and Φmin is the globally minimum value of the potential function. Crucially, the above running time is polynomial in terms of the number of
bits in the representation of the scheduling instance and 1/.
Our main goal in this section is to show that -approximate -equilibria of the
games induced by H(β) (for appropriate values of β) are eﬃcient in terms of their
C SR (·) cost. In turn, this will imply good approximation guarantees for algorithm
A(β, ). As a result, we propose two algorithms that provide diﬀerent approximation guarantees: the ﬁrst one (for β ≈ 0.591) yields a 1.81-approximation for
any instance (Theorem 1), and the second (for β = 2/3) yields an approximation
that converges to 1 as η(σ ∗ )/C SR (σ ∗ ) converges to zero (Theorem 2).
√

Theorem 1. Let  ∈ (0, 1/12] and β = 9+19 5 ≈ 0.591. Algorithm A(β, )
runs
in polynomial
time and computes an assignment σ such that C SR (σ) ≤


√
5+ 5
4

+ 8 C SR (σ ∗ ) ≈ (1.809 + 8)C SR (σ ∗ ), where σ ∗ is the assignment that
minimizes the total weighted completion time of the scheduling instance on input.
Finally, Theorem 2 shows that the cost of the solution obtained by H(2/3)
approaches optimality as the ratio η(σ ∗ )/C SR (σ ∗ ) tends to 0.
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Theorem 2. Let  ∈ (0, 1/12] and β = 2/3. Algorithm A(β, ) runs in
polynomial
time and computes an assignment σ with C SR (σ) ≤ (1 + 6)
 SR ∗
C (σ ) + η(σ ∗ ) , where σ ∗ is the assignment that minimizes the total weighted
completion time of the scheduling instance on input.

5

Lower Bounds for Approx, Rand, and ProportionalSharing

In this section we show that, even for the special class of related machines,
neither one of the coordination mechanisms studied in [15] can be used in order
to design an algorithm with an approximation factor better than 2. In particular,
we show that each one of these mechanisms possesses an equilibrium assignment
σ whose optimal social cost is at least two times C SR (σ ∗ ). For the SmithRule
policy this was already shown in [15], since its price of anarchy is exactly 4. For
the ProportionalSharing policy, [10, Theorem 15] provides an instance showing
that its price of anarchy is at least 2.618, i.e., there exists an equilibrium σ
such that C PS (σ) ≥ 2.618C SR (σ ∗ ). Although this inequality is not the desired
lower bound, the equilibrium assignment σ in this instance happens to assign
a single job on each machine, and hence C SR (σ) = C PS (σ) ≥ 2.618C SR (σ ∗ ),
so ProportionalSharing cannot yield an algorithm with an approximation factor
better than 2.618.
The main result of this section is a construction verifying that Approx and
Rand cannot lead to an improved approximation algorithm either. In particular,
we prove that the price of anarchy of ShapleyValue is at least 2, which implies the
existence of some assignment σ which is an equilibrium for ShapleyValue and satisﬁes C SR (σ) ≥ 2C SR (σ ∗ ). But, as we already observed in the previous sections,
any equilibrium of ShapleyValue is also an equilibrium of Approx. Furthermore,
our lower bound construction uses jobs with pij = wj /si on each machine i,
where si is the speed of machine i. Since ρij = ρik for every machine i and every
pair of jobs j and k, we have fjSR (σ) = fjR (σ), i.e., the game induced by the
protocol also coincides with the game induced by Rand on these instances. As
a result any equilibrium of ShapleyValue for these instances is also an equilibrium of Rand, and our lower bound construction kills two birds with one stone,
verifying the limitations of both Approx and Rand.
It is worth noting that, apart from the implications regarding our inability to
design improved approximation algorithms using these policies, this also yields
a lower bound of 2 on the price of anarchy of Rand, which improves upon the
best previously known lower bound of 5/3 [15].
Theorem 3. The price of anarchy of ShapleyValue is at least 2, even on related
machine instances.

6

Conclusion

The main contribution of this paper is a framework for the systematic design
of coordination mechanisms and approximation algorithms. Leveraging previous work on cost-sharing protocols, this framework produce mechanisms that
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always possess pure Nash equilibria, and approximation algorithms that terminate in a polynomial number of steps. To verify that this framework can lead to
novel results, we provide a combinatorial approximation algorithm for machine
scheduling on unrelated machines. Although we focus on the unweighted Shapley
value, an even richer family of mechanisms and algorithms can be designed using
generalized weighted Shapley value variants [19]. Our results call for a better
understanding of the conditions under which the Shapley value cost-shares can
be implemented via a (randomized) feasible schedule; using this understanding
one could design coordination mechanisms whose price of anarchy bounds outperform the currently best known bound of 2.133 from Rand. Furthermore, our
framework could be applied more broady to design mechanisms and algorithms
for general resource selection games.
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