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Abstract

The likelihood ratio test for cointegration is analysed for partial systems in
Gaussian vector autoregressive error correction models. Under the assump-
tion of weak exogeneity of the conditioning variables for the cointegrating

parameters the test is derived and the asymptotic distribution is given.

1 Introduction

For the statistical analysis of vector autoregressive models it is in general opti-
mal to analyse the full system of all variables. However, in the situation where
some of the variables are (weakly) exogenous, it may be desirable to perform
the analysis conditional on these. By the conditional or the partial analysis the
intention is to obtain a reduction of the dimension of the system analysed. It

is demonstrated here that by assuming that the variables conditioned upon are

*We would like to thank D. F. Hendry, Nuffield College, Oxford, for good comments.



weakly exogenous for the cointegrating parameters, it is indeed possible to obtain
a reduction of the system analysed for cointegration. It is shown in Johansen [2]
that the cointegrating vectors of the partial system can be estimated by reduced
rank regression. The asymptotic distribution was described with and without the
assumption of weak exogeneity of the variables conditioned upon.

In the case of weak exogeneity the maximum likelihood estimator of the coin-
tegrating relations and the likelihood ratio test statistic for the number of these
can be determined from the partial system. It turns out that the modelling of
deterministic terms is crucial for the asymptotic distribution of the likelihood
ratio test. In a model allowing for a linear trend in all linear combinations of
the process, but not a quadratic trend, the test will be asymptotically similar
and furthermore invariant to the drift terms. The focus will mainly be on such
a model. However, it will also be demonstrated that asymptotic inference will
depend on a nuisance parameter, when the differences of the process are modelled
by an unrestricted constant.

If the variables conditioned upon can not be modelled by a vector autoregres-
sion as assumed here, there is no reason to believe that the results about inference
for cointegrating rank should hold. Often the reason for performing partial anal-
ysis and not model the full system 1s indeed that the stochastic behaviour of the
variables conditioned upon is difficult to model, e.g. the oilprice. However, it may
happen that not all data of the series conditioned upon are equally important,
but only some specific interventions or shocks are of importance, e.g. the oil cri-
sis. In such a situation a partial analysis using the tables of this paper should
probably not be performed, but instead the exogeneous series should be replaced
with intervention dummies. In this case the asymptotic distributions are without
nuissance parameters but require special tables. These may be simulated by the
program DisCo, cf. Johansen and Nielsen [7].

In section 2 of the paper the main model and the cointegration hypotheses
are presented. The statistical analysis follows in sections 3. In section 4 the
asymptotic distribution of the likelihood ratio test is presented, whereas the proof
is located in the Appendix. In section 9 a slightly different model is discussed
and it is shown how the asymptotic inference in that case involves a nuisance

parameter depending on the parameters in the model for the variables conditioned
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upon. Section 6 contains a discussion of how to test for weak exogeneity and in
section 7 the ideas of the paper are illustrated by an example. Tables of the

asymptotic distributions of the tests are enclosed.

2 Model and Cointegration Hypothesis

Consider initially the p-dimensional autoregressive model with a linear drift, given

by, the equation

AXy=1IX,; + kz:l LiAX i + pa + pat + &4, (2.1)
i=1
where t = 1,...,T while X_k+1, ..., Xo are fixed and {e;}:=1,. 1 are indepen-
dently mean zero Gaussian distributed with variance Q.

Let the process, X; be divided into Y; of dimension py and Z; of dimension pz,
where p = py +pz. For the partial analysis it will be assumed that the increments
of the process, Z;, contain no information about the parameters of the level of
the process. This is equivalent to assume the impact matrix II has pz zero rows
corresponding to the Z; variables. With p; zero rows in II, the hypothesis of at
most r cointegrating relations in (2.1) is given by reduced rank of the remaining
py rows of II, Iy say. That is, rank(Ily) < r or equivalently Ily = ayf’, where
ay € RPY*" B € RP*". From Johansen [4] it follows that with IIz; = 0, then
Z; is weakly exogeneous with respect to the cointegrating vectors, 8. With the

asumption of weak exogeneity and cointegration imposed, equation (2.1) is given

by,
ayﬂ’) « (F’-’) M\, (s H

AX; = X1+ LIAX; + + t+ . (2.2
t ( 0o )" ; rZ)= " T \uf) " \d ef )
The Granger Representation Theorem, cf. Johansen [4] states that if AX; is
stationary and rank(Ily) = r, then the cointegrating relations 5'X;_, are station-
ary with a linear trend. Furthermore, the process X; is I(1) and will in general
have a quadratic trend. However, if the linear drift term, u, is proportional
to the adjustment coeflicient, a, then the process will have only a linear trend.

Hence, the model allowing for a linear trend in all linear combinations of X, with

at most r cointegrating relations and weak exogeneity of Z;, with respect to the
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cointegrating relations is formulated in terms of restrictions on both the impact

matrix and the deterministic terms,

Hy(r) : = (%), pa = (*0%). (2.3)

It is given by the equation
a ' X 4+ 't k-1 1-\3’ Y Y
AX; = v (X1 + Bit) +3 (o jaXe+ L)+ (%) s
0 =1 I -\M1 €t
The Gaussian error term has marginal variances Qlyy and (2zz respectively and

covariance ly z. The partial or the conditional model is then given by the model

for AY; conditional on AZ; and the past, or equivalently,

k-1 ‘
AY; = ay (8'Xi_1 + B3t) + Z TY2AX i+ p¥ 2 + wAZ, €72 (2.5)

=1
and the marginal model by

k-1
AZ =Y T?AX, i+ pf + €. (2.6)

i=1
Here ¢} Z and eZ are independently mean zero Gaussian distributed with vari-
ances Qyy.z = Qyy —Qy 205507y and Q7 respectively, and w = Qy 2955 The
parameters I'Y'Z and uYZ are short hand notation for IV — wI'Z and p! — wp?
respectively.

It should be stressed that the assumption of weak exogeneity of Z; implies
that the parameters of the partial and the marginal models vary freely, so that the
likelihood function is maximized with respect to (8’, #3)’ by maximizing solely the
partial likelihood. Likewise the likelihood ratio test statistic for the hypothesis
of cointegration is derived by analysing only the partial model.

Two submodels of (2.3) are of interest. The first one is the model allowing
for an intercept in all linear combinations of the process but no linear trend and
is given by

Hy(r) T = (%), = ("), p2=0. (2.7)

The second model is without deterministic terms at all,

Ho(r): = (%), p1=pa=0. (2.8)



These submodels are nested in the main model as follows
Ho(T') C Hl(T) C Hg('f‘). (29)

It turns out that the hypotheses, H;(r) above can be tested by asymptotic
similar inference. After having determined the cointegrating rank, inference for
restrictions on the cointegrating vector will be asymptotic x? and e.g. the hy-
pothesis of no linear trend in the cointegrating relation is verified in model Ha(r)
by testing B, = 0. The likelihood ratio test for this hypothesis is given in (3.5)
in section 3.

Remark: For a process without short term dynamics, i.e. 'y = ... =Tx_; =0,
the weakly exogenous marginal process, Z; is a random walk and hence nonsta-
tionary. However, this is not necessarily the case for a process with short term
dynamics, that is, some or all of the components of Z; may be stationary. An

example is the two dimensional process, X; = (Y;, Z;)', given by the equation

AXt = HXt—l + PAXt_l + Et, (210)

(a2 e

2

where

ceny

a and f are orthogonal and the process Z; is stationary.

3 Statistical Analysis

As already mentioned the weak exogeneity assumption implies that all parame-
ters in the partial model and in the marginal model vary freely. Therefore the
likelihood function is maximized with respect to (', 53)’ by maximizing solely
the partial likelihood, and likewise the likelihood ratio test for cointegrating rank
is derived by analysing only the partial model.

Now, under H;(r), the partial model is given by (2.5),

! X, k-1
Y=o (5 ) ( , 1) + YTV 2AX i+ p) 7 +wAZ, + €] 7,
2

=1



with Z; weakly exogenous for the parameter (', 35)". By regression of AY; and
(X{_1,t)" on the lagged differences, (AX;_;)i=1.. x—1, the constant and AZ,, the
likelihood function is concentrated with respect to the parameters (T ,’-"Z )i=1,...k—1,
1Y% and w. From the initial regressions one obtains the residuals RYZ, (py x 1)
and RXZ, ((p+1) x 1), in terms of which the concentrated partial likelihood

function is given by
= i— ! X-Z\VO- . DX
LT = |Qyy.z|exp {T Yo (RYZ —ay (3) REZY 5y 7(RY 7 — ay (5) B Z)} '
t=1

For fixed (4, 3;), the maximum likelihood estimators of oy and Qyy.; are then
found by ordinary regression, leading to the definition of the residual product

moment matrices,
Sijz = 3 Tiet REZRY? (i,§ = X,Y). (3.1)

Finally reduced rank regression of AY; on (X;_;,t) corrected for lagged differ-
ences, a constant and AZ; is performed by solving the (p + 1)-dimensional eigen-

value problem
,/\Sxx.z — SXY-ZS;;’.ZSYX‘Zl =0, (3.2)

for eigenvalues 1 > A; > ... > 5\,,Y > 0 and j\pyﬂ = e B2 5\p+1 = 0 and for
eigenvectors V = (fy,. .. ;Op41)- The (p+1—py) smallest eigenvalues in (3.2) are
equal to zero, since Syy.z has rank py. Then (8, 8;)’ is estimated by (4, ..., 0y).

The likelihood ratio test of at most r cointegrating relations is given by,

LR(H(r)|Eapy) = =T 32 In(1 = &) (33)

i=r+1

Instead of the eigenvalue problem (3.2), the dual py-dimensional eigenvalue

problem
l/\SYY-Z - SYX-ZS}}(.ZSXYZI =0 . (34)
might be solved for eigenvalues (:\‘f, N )A\gy) and eigenvectors Ve = (9,... ,04).

Note that :\fl = ); and 0; = ﬁs)_(lx.zsxy-zﬁg forwz' =1,...,pr.

In Hy(r) the hypothesis of no linear trend in the cointegrating relations is
given by B, = 0 as mentioned. With * = (8, 8;)’ the hypothesis is of the form
p* = Hf, with the matrix H being of dimension ((p + 1) X p) and is similar to
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the hypothesis tested in Johansen [4], Theorem 3.2. Thus the likelihood ratio
test which is asymptotically x?(r) distributed is given by,

T3 In{(1 -3/ - )} (3.5)

The ); are the r largest eigenvalues solving the eigenvalue problem in (3.2) and
likewise the eigenvalues A% are the r largest eigenvalues solving the eigenvalue
problem corresponding to the reduced rank regression of AY; on (X;_;,t)H =
X|_, correcting for lagged differences, a constant and AZ,.

The sub-model H;(r) with restricted drift term is analysed by reduced rank

/

regression of AY; on (X;_,,1), correcting for the lagged differences and AZ;.
And likewise the sub-model Hy(r) without any drift term at all is analysed by
reduced rank regression of AY; on X;_;, correcting for the lagged differences and

AZ;.

4 Distributions of the Cointegration Tests

The asymptotic theory for the rank tests given in section 3 is derived using the
Granger Representation Theorem in Johansen [4]. Define for any (n x m) matrix
b of rank m < n, the matrix b, to be a (n x (n —m)) matrix orthogonal to b such
that (b,b,) spans R™. Note, that

0
a=| "), o [ . (4.1)
0 8 I,
With these definitions the assumptions under which the Representation Theorem

hold are:

o The characteristic polynomium of the process, X; has roots outside the unit circle

or at 1.
o The matrices ay and 3 have rank equal to 7, the cointegrating rank.

o The matrix o/, (I — Y5 T;)B, has full rank p — r.



It is important to stress that these assumptions concern the joint process, X; -
(Y/,Z])" as given by the models H;(r). That is, the full system is vector autore-
gressive with a marginal process, AZ; being weakly exogeneous for the cointe-
grating parameters. With these assumptions imposed, the process can be given

the following representations,

t
Hy(r): X;= C Ze,- + 71t + 7o + stationary process, + initial value (4.2)

1=1
¢
Hy(r): X;= C) & + 1+ stationary process, + initial value (4.3)
=1
t
Ho(r): Xy= C e+ stationary process, + initial value (4.4)
=1
Moreover, 3’1y = —f, and it follows that under H(r), §'X; is indeed trend

stationary. Likewise 3’ X, is stationary with or without an intercept under Hy(r)
or Hy(r) respectively.

As is the case in general for autoregressive analysis of cointegrating rank, the
asymptotic distributions are given by the trace of stochastic matrices involving
Brownian motions. However, the Brownian motions involved in the partial anal-
ysis are of different dimensions, when compared with the full system analysis,

merely reflecting the conditioning.

Theorem 4.1 Under H(r) it holds that, if the cointegrating rank is v and the

additional assumptions of the Granger Representation Theorem hold,

LR(H ()| Hipr) % or{ | et / ' P! / 1 FaG'},  (45)

asT — oo. The functions F and G are expressed in terms of a (p—r) dimensional

standard Brownian motion W (u) and the (py —r) dimensional process G is given
by,
G,(u) — VV,('LL) i=1, «eeypPYy-T. (4.6)
When testing Hy(r) in Hz(py) the (p—r + 1) dimensional process F' is given
by,

(4.7)

u—1 i=p-r+1

Wiu) = W; i=1, ... p-
e

and the distribution (4.5) is tabulated in Table 3.
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When testing Hy(r) in Hy(py) the (p —r + 1) dimensional process F' is given
by,

Fi(u) =

{ Wi(u) i=1,...,p-r (4.8)

1 1=p-r+1
and the distribution (4.5) is tabulated in Table 4.
When testing Ho(r) in Ho(py) the (p —r) dimensional process F' is given by,
Fi(u) = { Wi(u) i=1, ... p-r (4.9)
and the distribution (4.5) is tabulated in Table 5.

The proof of the Theorem 4.1 is given in the Appendix A.
The enclosed Tables of quantiles have been produced by simulation. The
number of simulations were set to 10,000 and the number of observations were

set to 400.

5 On the model with unrestricted trend

In the models H;(r) the cointegration hypotheses are formulated in terms of
restrictions on both the impact matrix and the deterministic terms. The model
Hy(r) allows for linear trends in all linear combinations of the process X; and
thus essentially trend stationarity is tested against nonstationarity with a linear
trend. Consider now the model where the drift parameter is left unrestricted

rather than proportional to the loadings. It is given by

. / Y
Hl(’f') : OI= (a}(f)ﬂ>, K1 = (ziz), Ko = 0 (51)

or equivalently by the equation,

) k-1 FY Y Y
AX, = (08”)5 X+ Y (F’Z)AXH- + (Z }) + (etz) . (5.2)
=1 i

1 o

This model is nested with previous mentioned models as/follows,
Ho(r) C Hy(r) C Hy(r) C Hy(r)- (5.3)

The statistical analysis presented in section 3 appliés here and leads to a

reduced rank regression of AY; on X,_; correcting for AZ;, levels and lagged
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differences. However, as stated in Theorem 5.1 below, the asymptotic distribution
of the likelihood ratio test depends on a nuisance parameter ¢, which makes the
inference for cointegration difficult.

Hence, instead of analysing model Hi(r) it is suggested to analyse Ha(r) in
order to determine the cointegrating rank r. Having determined the rank using
Table 3, it is as previously mentioned possible to test for staionarity against trend
stationarity by a x?(r) test of B, = 0, cf. (3.5). The difference between the H;(r)

and the H;(r) modelling is demonstrated in the example in section 7.

Theorem 5.1 Under ﬁl(r) it holds that, if the cointegrating rank is r and the

additional assumptions of the Granger Representation Theorem hold,

LR(H,(r)| Hy(py)) 2 tr { /0 el /0 ' FFdu)! /0 1 FdG’}, (5.4)

asT — oo. The functions F' and G are expressed in terms of a (p—r) dimensional

Brownian motion W(u) and a nuisance parameter, ¢, given by,

Y.-Zi / Q -1/ Y-Z
c___\Jﬂl ayi(ay ) Qyvy.zayi ) tay, pi ' (5.5)

uf'Vzznt
Here it is assumed that either o | p¥'Z # 0 or uZ # 0. The (py —r) dimensional

process G and the (p — r) dimensional process F are given by,

Gi(v) = Wi(u) i=1,...,py-r, (5.6)
u — % 1=1,
E(u) = I/Vz(u) - Wi 7':2; ;P'T'I; (5 7)
W.(u) — W, i=p-r,
where
1
W(u) = Wa(u) + s Wpr (). (5.8)

Here W; = [ Wi(u)du and u € [0,1].
For the case ¢ = 0 the distribution is tabulated in Table 6, and for the case

c = oo in Table 7.

Theorem 5.1 does not include the case where o}, u¥? = 0 and puZ = 0. In
this case the limit distribution differs and has, we believe, larger tails. This case

is also treated in model H,(r).
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The proof of Theorem 5.1 follows closely the ideas of the proof of Theorem
4.1 and is given in Appendix B.

The limit distribution of Hy(r) in Hy(py) when ¢ = 0 is also obtained in other
cointegration tests. When pz = 1 the distribution corresponds to that of Table 5
in Johansen [5]. When pz > 1 one obtains the same distribution as when testing
H,y(r) in Hy(py) with pz — 1 exogeneous variables. However the distributions
have been simulated twice and appear as slightly different results in Table 3 and
Table 6, due to simulation inaccuracy.

The nuisance parameter c is equal to the ratio of the length of the drift pa-
rameters in the partial system and in the marginal system, standardised by the
covariances of the respective systems. Thus an estimate of ¢ is needed in order
to use the distribution for inference, and may be obtained using the definition in
(5.5). The asymptotic distribution under ﬁl(r) has been studied for different val-
ues of the nuisance parameter, ¢. The limit distribution is a continuous function
of ¢ for 0 < ¢ < 00, and a simple empirical relation seems to exist between the
distributions as a function of ¢. That is, for each ¢, the asymptotic distribution
of LR(H,(r)|Hy(py)), here denoted L.(py — r,pz) can be approximated by

1 Lol )+ c
1+ WY~ NPT T rs

Loo(py —7,pz). (5.9)

This relationship has been simulated for all possible values of (py — r, pz) where
py —r + pz < 7, for 20 choices of ¢ and 10,000 repetitions of processes with 400
observations.

The absolute error between the distribution £.(py — r,pz) and the approx-
imation (5.9) is between —0.07 and 0.03 for the mean of the distributions and
between —0.2 and 1.2 for the 95 % quantiles which are small errors as compared
to Table 6 and 7.

As measured in p-values the worst of the simulated cases is when py —r =1,
pz = 1. Then the approximation may lead to the asymptotic 92 % quantile
instead of the 95 % quantile, cf. Figure 1. For another case py —r =6, pz = 1

the approximation is actually very good, cf. Figure 1 as well.
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Figure 1

The asymptotic distribution of LR(H;(r)|H)(py)) depends on a nuisance parameter ¢ given

in Theorem 5.1. This dependency is illustrated below for two choices of dimensions.

13 ,

Quantile

110

Quantile

105

101

The dotted lines (— —) show simulated quantiles, ¢, as a function of Tilc—ﬁv wheras the solid

line (—) shows the approximation of the 95% quantile given by (5.10).
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To summarise, when testing for the cointegrating rank in ﬁl(r) the appropri-
ate quantile, ¢.(py — r, pz) may be found by the approximation,

1 c?
- 0 ) 9 ]‘
] Cqu(py r,pz) + FL (py —7,pz) (5.10)

where qo and ¢, are found in Table 6 and 7 respectively.

By following the suggestion to test for cointegration in model Hy(r) the ques-
tion whether the cointegrating relation has a linear trend is to be imposed after
determination of rank. The feature of no linear trend in the stationary directions
may also be imposed before testing for cointegration by analysing model Hy(r).
Thus a strategy for analysing 1:11(1") is suggested, where the question of whether
pZ = 0 is first settled. The hypothesis uZ = 0 is tested in the marginal model
of AZ given lagged differences of AY and AZ. Ounly the differences are needed
since AZ is assumed weakly exogeneous for the coefficients to the levels. The
asymptotic distribution of the test is x*(pz). Contingent on this outcome one
proceeds as follows.

Case I: u? = 0.

In this case the test of ﬁl(r, ©Z =0)in H, (py, uZ = 0) has two different limit
distributions. If o}, u¥"Z # 0 one finds (5.4) with ¢ = 0o, and the relevant quan-
tiles are found in Table 7. If, however, o}, 4} Z = 0 then the relevant asymptotic
distribution as noted has larger quantiles and therefore the asymptotic test is not
similar. In order to control the asymptotic size of the test the quantiles are
needed for the case o}, u¥'Z = 0, and it seems unreasonable that this particular
value should dominate the inference. This particular case is studied by model
Hi(r). Therefore the idea of Pantula [9] used in Johansen [3] is suggested to be
used here. To present the idea, suppose that H;(r — 1, uZ = 0) is rejected. The
possible models are then nested like

Hiy(r) C Hi(py)
N I ’ (5.11)
Hy(r,pf =0) C Hi(py,p{ =0).
The rank is determined by first testing model Hy(r) in Hl (py). If this is rejected
according to the quantiles in Table 4 then H;(r, u? = 0) is tested using Table 7.

In full system analysis the testing strategy suggested here leads to an asymptotic

consistent test for the cointegrating rank, cf. Johansen [3].
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Case II: p? # 0.

The limit distribution of LR(H;(r)|Hy(py)) is now given by Theorem 5.1 with
nuisance parameter, ¢. In order to apply the tables an estimate of c is needed
and it is easily estimated from (5.5). Note, however, that the marginal analysis
of AZ, given lagged AZ; and AY, is needed in order to estimate both pZ and
Qz7. Note also that it is necessary to re-estimate c¢ for each value of r, since
oy, depends on the value chosen for r. With the estimate of c an approximation
for the relevant quantile can be calculated from (5.10). In order to avoid the

estimate of ¢ one can instead calculate
sup.P. {LR(EL(r)|Hs(pv)) > 4} = Po{ LRUL(MEL(py)) > ¢} (5:12)

and apply Table 6. Another possibility is to replace Z; by a detrended process
Z; = Z,—at, so that AZ* = AZ,—a for a suitable estimate of a. This procedure
for achieving similarity of the test has been suggested in another context by Kiviet

and Phillips [8] and investigated for cointegration in full systems by Rahbek [10].

6 Test for Weak Exogeneity

The assumption of weak exogeneity is important for the asymptotic distribution
of the test. Indeed when it fails inference for the partial model becomes very
complicated, cf. Johansen [2].

In the unrestricted VAR model given by (2.1) a likelihood ratio test for weak
exogeneity can be performed in two steps. First a cointegration analysis of the
full system will determine the number of cointegrating relations. This is next
combined with a test for linear restrictions on « given by a = (ay,0)". However,
in this case the partial cointegration analysis is redundant, and the idea of partial
analysis violated.

Another approach is simply after analysing model H;(r) to insert the estima-
tor of the cointegrating parameter, e.g. ( B, ﬁzl)' , from the partial analysis in the
marginal model for AZ,. Regression analysis of the extended marginal model re-
sults in an asymptotic x?(pz)-distributed test for the hypothesis that the loadings
in the marginal equation, denoted az, equal zero. This approach is demonstrated

in the example which follows.
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7 Example

In Hendry and Ericsson [1] the demand for money is investigated for the United

Kingdom. The basic variables analysed are,

m: nominal money (M1)

y: income; constant price Total Final Expenditure (TFE) at 1985 prices
p: prices; implicit deflator of TFE

R*: opportunity cost of holding money; that is the 3 month local authority in-

terest rate less the learning adjusted retail sight-deposit interest rate.

The variables are quarterly reported in the period 1963.1 to 1989.2 and (m, y, p)
are in log-levels. Hendry and Ericsson searched e.g. for homogeneity of the money
and income variables,

m; — pe = 6y + YRy (7.1)

Among others Johansen [6] reanalysed the data. The variables m, y, R were
found to be I(1), whereas p is I(2). By introducing the variable m; — p; one
can eliminate the I(2) component and then work in an I(1) model using the
inflation, Ap; instead of p;. Thus the full system considered consists of the
variables (m; — p;, Apy, yi, R;) which are analysed by the model

4
AX; =X, + ) TiAX i+ p+ e (7.2)

i=1
In order to illustrate the ideas of the partial analysis, consider first the full system
analysis'. Cointegration analysis gives evidence for one cointegrating relation as
reported by Johansen [6]. Next the hypothesis that the variables, (Apy,y:, ;)
are weakly exogeneous is tested. A likelihood ratio test of this hypothesis is
performed by imposing restrictions on a. The test statistic has value 4.5, which
should be compared with 7.81, the 95% quantile of the X2(3)—dist1‘ibution, and

1The statistical analysis has been performed using the program RATS, ver. 4.10 and the
macro package CATS created by Hansen and Juselius, Univ. of Copenhagen.
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the hypothesis is accepted. The full system maximum likelihood estimators of

the parameters a and f are given by

b = 1 749 -110 7.28
p ( ) (7.3)
& = ( -o14r 0 0o 0o ).
Next for comparison the cointegrating rank is determined by an analysis of the
partial system of m, — p; conditional on (Ap;, y;, R;), where the latter variables
are assumed to be weakly exogenous. This is done in model H,(r) where a linear

trend is included in the cointegrating vector. From Table 1 one concludes that the

cointegrating rank is one. The maximum likelihood estimator of the cointegrating

Table 1 :

Ai | trace | 7 | pz | py —r | Table { 95% | Accept
0.36 | 449 |0 | 3 1 4 20.7 no

parameter, 3 and the loading, ay is then

B = 8,'2f -152 6.82 0.003). (7.4)
ay’ = (-0.s2)..

The likelihood ratio test for a zero coefficient of the linear trend, cf. (3.5) has value

0.60 as compared to 3.84, the critical value of the asymptotic x*(1) distribution.

The maximum likelihood estimator of the cointegrating parameter, 3 is the same

as in (7.3), and the estimate of the loading ay in the partial model equals the

first entry of &.

Following the ideas presented in section 6, the assumption of weak exogeneity
of (Ap:,y:, R}) is tested by regression of these variables on B'X,_1, the lagged
differences of all variables and the constant. The least squares estimate of az is

&y = ( o002z -000043 0033 )
(7.5)
[std] [0.013]  [0.023] . [0.023]
An asymptotic x2(3)-test for @z = 0 has value 3.62 as compared to 7.81. Hence,

the results of the partial analysis confirm the results of the full system analysis.
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This analysis could also be performed directly in model H,(r) with no linear
trend in the cointegrating relation. The first step is then to test whether uz =0,

cf. section 5. The least squares estimate of pz is

ji; = ( -oo02z2 0010 —0.0041 ) (1.6)
[std] [0.0013] [0.0022] [0.0022]
An asymptotic x2(3)-test for uz = 0 has value 25.3 as compared to 7.81, and pz =
0 is therefore rejected. Next under H;(0) the nuisance parameter is é = 0.016
and the quantile given in Table 2 below is calculated using the approximation in
(5.10). From Table 2 one can again conclude that the cointegrating rank is 1.

The maximum likelihood estimators of the cointegrating parameter and of the

loadings are as before.

Table 2:
X |trace | r | pz | py —71 c Table | 95% | Accept
036 | 443 |0 | 3 1 0 6 18.0 no
0.02 | Approz. | 17.9 no
00 7 9.49 no
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Table 3:

Asymptotic quantiles of LR(H,(r)|Hz2(py))-
pz: is the number of exogenous variables. py: is the number of variables in the partial system.

r: is the number of cointegrating relations.

Dimension Quantiles Moments

pz | py —7 | 50% | 80% | 90% | 95% | 97.5% | Mean | Variance
1 1 750 | 11.0 | 13.2 | 15.2 | 174 8.15 14.6
2 194 | 24.7 | 27.8 | 30.5 | 33.3 20.1 33.7
3 35.3 | 41.9 1 459 | 49.6 | 524 359 57.6
4 54.8 | 63.0 | 67.9 | 7T1.7 | 75.2 55.5 87.6
5 78.4 | 88.1 | 93.5 | 98.0 102 78.9 123
6 105 | 116 | 123 | 127 132 106 161
2 1 940 | 13.3 | 156.7 | 17.9 | 20.2 10.0 18.4
2 23.2 129.1 | 32.5 | 355 | 385 23.9 42.0
3 41.1 | 484 | 52.6 | 56.3 | 59.3 41.6 69.6
4 62.6 | 71.4 | 76.2 | 80.9 | 84.5 | 63.1 104
) 87.7 | 98.1 | 104 | 108 113 88.2 142
3 1 11.3 | 156 | 18.2 | 20.7 | 23.1 12.0 22.5
2 27.2 1 33.3 1369|399 | 43.1 27.7 48.7
3 46.6 | 54.6 | 59.0 | 62.9 | 66.6 47.2 80.4
4 69.9 | 79.6 | 85.1 | 89.2 | 93.2 70.6 118
4 1 13.2 | 17.7 | 20.5 | 22.9 | 254 13.8 24.8
2 30.7 | 37.4 | 41.3 | 445 | 475 314 54.6
3 52.5 1 60.9 | 65.6 | 69.7 | 73.1 53.0 92.2
5 1 15.1 | 19.9 | 22.8 | 256.3 | 27.7 15.7 28.5
2 34.7 | 41.8 | 45.8 | 49.3 | 52.8 35.3 63.2
6 1 17.0 | 22.0 | 25.0 | 27.7 | 30.3 17.6 31.6

18



Table 4:

Asymptotic quantiles of LR(H:(r)|H1(py)).
pz: is the number of exogenous variables. py: is the number of variables in the partial system.

r: is the number of cointegrating relations.

Dimension Quantiles Moments
pz | py —7 | 50% | 80% | 90% | 95% | 97.5% | Mean | Variance
1 1 5.32 | 8.32 | 104 | 12.3 | 14.0 5.97 10.7
2 15.2 | 20.0 | 22.9 | 25.5 | 27.6 15.9 27.0
3 29.0 | 36.6 | 38.5 | 41.7 | 44.9 29.6 47.5
4 46.6 | 54.2 | 58.5 | 62.4 | 65.7 47.2 75.1
5 68.0 | 77.2 | 82.2 | 86.7 | 90.6 68.6 107
6 93.3 | 104 | 110 | 115 119 93.9 147
2 1 7.29 | 10.8 | 13.0 | 15.1 | 17.0 7.92 14.6
2 19.1 | 24.2 | 27.3 | 30.0 | 32.8 19.7 34.3
3 34.9 | 41.7 | 45.6 | 49.0 | 52.1 35.4 59.6
4 54.4 | 62.7 | 67.5 | 7T1.5 | 74.8 54.9 90.0
5 77.8 | 87.5 1 93.0 | 979 | 102 78.3 127
3 1 9.23 | 13.1 | 156 | 17.8 | 19.9 9.87 18.1
2 23.1 | 288|322 1354 | 38.0 23.6 42.0
3 | 405 |48.0 | 523|559 | 58.9 | 4l1.1 704
4 61.9 | 71.0 | 76.2 | 80.5 | 84.3 62.6 105
4 1 11.2 | 154 | 18.2 | 20.6 | 22.5 11.8 21.9
2 26.9 | 33.2 | 36.6 | 40.0 | 42.8 27.4 49.1
3 46.3 | 54.4 | 58.9 | 62.9 | 66.2 46.9 82.5
5 1 13.1 | 17.7 | 204 | 23.0 | 25.3 13.7 25.7
2 30.7 | 37.5 | 41.2 | 44.6 | 47.8 31.3 56.6
6 1 15.0 | 19.9 | 22.8 | 25.4 | 28.2 15.6 29.2
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Table 5:

Asymptotic quantiles of LR(Ho(r)|Ho(py))-
pz: is the number of exogeneous variables. py: is the number of endogenous variables.

r: is the number of cointegrating relations.

Dimension Quantiles Moments
pz | py =7 | 50% | 90% | 95% | 97.5% Mean | Variance
1 239 | 6.38 { 791 | 9.64 3.02 6.53
931|159 | 18.1 | 204 9.96 19.3
20.1 | 28.9 | 31.9 | 34.5 20.7 37.5
34.8 | 45.9 | 494 | 52.6 35.4 61.9
432 1 9.30 | 11.2 | 13.1 4.97 10.8
13.2 | 20.8 | 23.5 | 25.9 13.8 27.4
25.9 | 35.9 | 39.3 | 42.1 26.6 49.9
6.38 | 12.1 | 14.2 | 16.1 6.95 14.8
17.1 ] 25.7 | 284 | 31.1 17.7 35.5
8.22 | 14.6 | 16.7 | 18.9 8.83 18.7

[\
=N = | QO =N
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Table 6:

Asymptotic quantiles of LR(ﬁl(r)|I-11 (py))-
Nuisance parameter: ¢ = 0, or equivalently, no drift in the partial system.
pz: is the number of exogenous variables. py: is the number of variables in the partial system.

r: 1s the number of cointegrating relations.

Dimension Quantiles Moments
pz | py —7 | 50% | 80% | 90% | 95% | 97.5% | Mean | Variance
1 1 561 | 8.49 | 104 | 12.2 | 14.1 6.21 10.2
2 15.6 |.20.2 | 23.1 | 25.5 | 28.1 16.3 26.0
3 29.6 | 35.7 | 39.2 | 42.2 | 45.1 30.2 | 46.1
4 47.3 | 54.8 | 59.1 | 62.9 | 66.2 | 47.9 72.2
5 68.9 | 77.7 | 82.6 | 87.0 | 90.5 69.4 103
6 93.8 | 104 | 110 | 114 119 94.4 137
2 1 752 | 11.0 | 13.2 | 163 | 17.3 8.15 14.5
2 19.5 | 24.8 | 28.0 | 30.7 | 33.0 20.1 34.0
3 35.3 | 42.0 | 46.0 | 49.5 | 52.4 35.9 58.3
4 54.9 | 63.0 | 67.5 | T1.7 | 75.5 55.4 86.9
5 78.0 | 87.9 | 934 | 97.8 | 102 78.7 123
3 1 942 | 13.4 | 15.7 | 18.0 | 20.2 10.1 18.6
2 23.3 1 29.1 | 323|353 | 38.2 23.9 41.2
3 40.9 | 48.3 | 524 | 56.2 | 59.1 415 | 68.2
4 624 | 71.5 | 76.4 | 80.6 | 84.1 63.0 102
4 1 11.3 | 15.6 | 18.1 | 20.4 | 22.5 119 | 212
2 27.0 | 33.2 | 36.8 | 39.6 | 424 276 | 475
3 46.7 | 54.7 | 59.1 | 63.0 | 66.2 473 | 805
4 70.1 {794 | 84.7 | 89.1 | 934 70.6 119
5 1 13.2 | 17.8 | 204 | 22.9 | 25.3 13.8 | 253
2 30.8 | 37.6 | 41.3 | 445 | 478 | 315 55.0
6 1 15.2 | 19.8 | 22.7 | 25.2 | 275 15.7 27.8
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Table 7:

Asymptotic quantiles of LR(fIl(r)II:h (py))-
Nuisance parameter: ¢ = 0o, or equivalently drift in the partial system.
pz: 1s the number of exogenous variables. py: is the number of variables in the partial system.

7: is the number of cointegrating relations.

Dimension Quantiles Moments
pz | py —7 | 50% | 80% | 90% | 95% | 97.5% | Mean | Variance
1 1 139322 | 461 | 599 | 7.38 X3

2 105 | 145 | 17.1 [ 194 | 21.6 | 11.1 | 202

3 235|291 | 324 | 353 | 38.2 | 24.1 40.1

4 40.1 | 474 | 51.6 | 55.4 | 58.5 | 40.8 67.2

5 60.5 | 69.3 | 74.3 | 785 | 824 | 61.3 97.2

6 85.1 | 95.3 | 101 | 106 111 85.7 138
2 1 2.37 | 464 | 6.25 | 7.81 | 9.35 x3

2 13.5 | 18.0 | 20.9 | 23.4 | 25.8 14.0 26.0

3 28.1 | 346 | 38.2 | 41.2 | 44.5.| 2838 50.4

4 46.8 | 54.8 | 59.1 | 63.0 | 66.7 | 47.4 79.0

5 69.4 | 78.8 | 84.3 | 89.1 | 93.3 70.0 118
3 1 3.36 | 599 | 7.78 | 9.49 | 11.1 x32

2 16.2 | 21.3 | 244 | 26.8 | 29.6 16.9 314

3 32.9 | 39.7 | 43.7 | 47.0 | 50.1 33.6 59.3

4 93.5 | 62.2 | 67.0 | 71.2 | 749 | 54.2 93.8
4 1 435|729 (924 | 11.1 | 128 xi

2 19.1 | 245 | 27.7 | 30.6 | 33.6 19.8 374

3 37.7 | 452 | 49.6 | 53.6 | 56.6 | 38.4 70.5

4 60.3 | 69.3 | 744 | 78.7 | 82.3 | 60.9 106
5 1 5.35 | 8.56 | 10.6 | 12.6 | 14.4 x2

2 220 [ 279 | 31.3 | 34.2 | 36.8 | 22.7 42.3
6 1 6.35 | 9.80 | 12.0 | 14.1 | 16.0 X3
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Appendix

A Proof of Theorem /.1

The proof of the results for the models Ho(r), Hy(r), and Hy(r) are similar and
follows the outline of the proof of Theorem 2.2 in Johansen [4]. Thus only the
latter case is studied and without loss of generality the number of lags, k is set
to 2. The process is then given by the equation,
'X, 't FY Y Y
AX, = (“” (8 tOI + 5 )) + (FZ>AXH + (/’j‘z) + (e;) , (A.1)

1 €t

or equivalently by the equations,

"X ,
AY, = ay (5) ( '; 1) +TY2AX, +plZ €2 (A.2)
2
AZ, = TZAX;y+p? +€2. (A.3)

As mentioned in section 2, then under the assumptions of Granger’s Represen-
tation Theorem, in particular the rank of ay and 8 equals r, and the additional
assumption of full rank of

FY
o WBL = o (I - (FZ) )Bs

Granger’s Representation Theorem implies that the process X; = (Y/, Z]) has
g p t 14t

the representation,

t
Xi=C) ei+nt+m+ V. (A.4)

i=1
Here C = B.(c/, ¥B,)" | and V; is some stationary process. The linear trend
parameter 71 satifies 'ty = —/f;, so that §'X; is trend stationary with a trend
given by ;. The process X, is p-dimensional and for the study of the asymptotic
behaviour the representation leads to a choice of coordinate system in R” given
by
(8, V'a,). " (A.5)

Clearly # and U'a are not orthogonal but together they span R?, which is seen
by premultiplying in (A.5) by the orthogonal basis (5, 3.)" and using the full rank
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assumption of o, ¥4, . In order to study the asymptotic behaviour of the (p+1)-

dimensional process X} = (X],t)’ the coordinate system in (A.5) is extended to

span RP*!,
V' 0
(ﬂ*,B})E(([f ) ( o 71_)). (AS6)

The representation in (A.4) shows that the §* direction of the process X} is
trend stationary, whereas in the remaining direction given by Bj., the process is

nonstationary. Thus the asymptotic behaviour differs in the two directions.
Next from the trend stationarity of 3'X; and the stationarity of AX,, define the
variance conditional on the past by,

B X1 Ypp Zpy 0
i Ypp  Lpx
Var AY; AX,_4 = Yypg Yyy ZXyz = .
Yxp Zxx
AZ, 0 Xzv Xzz

That Cov(8' X1, AZ;]AX;_1) = 0 follows by AZ; being weakly exogenous and
the fact that éZ and A'X,_; are independent. In an obvious notation the variance
of f'X;_1 and AY; conditional on the past and AZ; is defined by,

"X, 2 .
Val' IB St AZt, AXt._ 1] = hp EﬁY J .
AY, Yypz Zyyz

Now since Var(AX;|f'X;_1,AX;_1) = Var(e;) = Q, tile following identity holds,

q_| Zrv- YysXzsley Lvz
Yzy Yzz

Finally the following identity is useful.
Lemma A.1 Under the assumption that az = 0,

aYl(agleyy.zaYL)‘laQ,_L = (A7)

Yvv.z — Syv.zlvpz(Eey 257y .2 8vs.2) " Sev 22y 2
Proof: By Johansen [4],
ar(a) Qay) e = Bxk — Sxk SxslZex Sxx Zxs)  Sax Exx, (A.8)

and the desired identity is the upper left entry of this identity. O
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As for the asymptotics in the nonstationary directions Bj it follows by (A.4),
that

Bix: = ( A U(CTiei+m+Vi) )
1
Tt
ay 151 +aY.LTO +aYLVY

= 16 +7‘0 +aYLVZ . (A.9)
1
—=t

VT

Then, mimicking the statistical analysis, conditioning of the first equation on the
second is obtained by a transformation given by a matrix M;. Furthermore the

random walks involved are normalized by multiplying with a matrix M,

1

(o Qyy.zay,)" 2 Ol 0 | L,, —ay ,w 0
M, M, By X; = 0 0,2 0 0 I, 0 [Byx:
\ 0 0 1 0 0 1
(aleY} ZOlY.L) 7 t YZ
= QZZ teZ + Op(1). (A.10)
.
VT

Note that the ‘conditional’ as well as the ‘marginal’ process consists of a random

walk and that the linear trend has been isolated by the choice of Br.

Lemma A.2 With C} = 5=M,M; B} and u € [0,1], then as T — oo,

VT
WY'Z
CiXirg 2 | W2 | = F(u), (A.11)
u

where WY'Z and W2 are independent standard Brownian motions of dimension

py and pz respectively.

It is now possible to formulate a Lemma which is similar to Lemma A.4 in
Johansen [4] ‘

Lemma A.3 With C} given in Lemma A.2,
1

(F - F)(F - F’j’du (A.12)

B e /0
I

1 _
VTCy (Sxy.z — Sxx.zBaly) % [ (F—F) By, (A.13)
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with Bq,.., a Brownian motion given by the weak limit of T~1/? Z[IT'] e¥Z | which
has covariance Qyy.z.

Furthermore B*Sxx.z 3" 5 Eﬁg, B*Sxy.z EiA Eﬁy.z and Syy.z 5 Yvvy.z-
Now, define,
S(A) = ASxx.z — Sxv zSvy.zSv x-2- (A.14)

It then follows that with A} = (8*,C7),
1 _ _
|AZS(A)AF| % \Sa0.7 — Sav- 287z ZvazlA [ (F = F)(F - FY dul, (A.15)

which has (p+1-r) zero roots and r positive roots.
With the (p+1-r) smallest eigenvalues of S()) approaching zero at the rate
of T, define p = AT,
(8, VTC7YS(5)(B",VTCH)| =
*/ _8_ * */ ﬁ _ _p_ * *x/ _p_ *\—1 x*/ ﬁ *
187S(2)BITCHS(L) - S(2)8(8S(2)87) " 8S(2))Cil. (A.16)

When T increases the first term on the right hand side tends to

—Ypy.z8vy.2 58y -2

by Lemma A.3, showing that in the limit the first term has no roots. It follows

by Lemma A.3 too that the second term of (A.16) is,

pCl Sxx.2C5 — VTCH Sxy.2zNVT Sy x.zC5 + op(1), (A.17)
where
N = %3}z — 57y.28vs.2(Sev 25vyv.2ve.2) T Zay 25y vz (A.18)

which by Lemma A.1 equals ay_]_(a’y_LQYY.ZQYJ_)-la;/_L. Hence Lemma A.3 gives

the limit of /T C¥Sxy.zayi. And the (p+1 —r) smallest eigenvalues normalized

by T converge to those of the equation

0= |p/01(F _ F)(F — F) du—

1 _ 1
[ (F = F)dBy,, javs(ey Syvzar) e, [ dBayy; (F = Yl
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with F given in Lemma A.2. By definition
(alyJ_QYY.ZCYYJ_)_%aly_LBQYYAZ =Wwr? (A.lg)

and the result in Theorem 4.1 follows by the expansion

LR(Hy(r)|Hy(py)) = T XY: 5\i+0p(]_)ﬂ> XY: pi

i=r+1 i=r+1

1 1 1
- /0 AW 2 /0 FF) /0 FAWY '}, (A.20)

I

B  Proof of Theorem 5.1

The proof mimicks that of Theorem 4.1 and here it will only be shown how
Lemma A.2 is changed. When the number of lags k is set to two then model
Hy(r) for X! = (Y, Z}) is given by the equations,

AY; = ayﬂlXt_l + FY.ZAXt_l + H{Z + EX.Z, (Bl)
AZ, = TZAX, ,+p?+ €2 : (B.2)

and under the assumptions af Grangers Representation Theorem the process
behaves like

t

=1
For the study of the asymptotic behaviour of X; the coordinate system,
(B,%'ay) will be used, cf. (A.5). The representation (B.3) shows that 8'X; is

stationary, whereas o/, U X, is nonstationary and given by

(B.4)

o U, = ( oy Shel +ad it + o, VY ) |

Yief +uft+ V7

Conditioning of the first equation on the second and normalizing the random

walks involved is performed by multiplying with a full rank matrix, M, cf. (A.10)

’ _1 4 t Y.Z Y.Z
(ay Qyy.zayi ) zoy, Y16+ 1777

Ma,l\IlXt = ( 1
Qyz1ef + 7%t

) +0p(1),  (B5)
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where

_1
™7 = (oy,Qyy.zayi) 2oy, py.z, (B-6)

TZ = QE%HZ- (B7)

The processes, the ‘conditional’ as well as the ‘marginal’, consist of a random
walk and a linear trend, and thus the asymptotic behaviour is dominated by a
linear trend. In order to transform the processes such that only one direction is
present with a trend and the remaining py+pz-r-1 are without, three different

cases need to be discussed. These are,

e 7V'Z £ 0 and 77 # 0, corresponding to the nuisance parameter (0 < ¢ <

00).

e 7¥'Z =0 and 7% # 0, corresponding to the nuisance parameter ¢ = 0.

o 7¥'Z £ 0 and 7% = 0, corresponding to the nuisance parameter ¢ = co.

The remaining combination, that 7¥4 = 0 and 7% = 0 is not treated here, cf.
the remarks in Section 5 after the Theorem 5.1.

Assume first that 7% # 0 and 77 # 0. Define 72 as a (py-r)x(py-r-1)
Y'Z Y2

Similarly define vZ as a pz X (pz-1) matrix orthogonal to 72. Further define
FYZ = Y B( Y2V Z),

matrix of length 1, orthogonal to 7¥'% and such that (7 spans RPY ™",

The next transformation may be viewed as isolating the trend in both pro-

cesses by a matrix M, given by

fY-ZI 0
Y-z
MM, X, = | T Mo UX
a 1 t — 0 'YZ’ 1 t
0 7
_y. 1, i
7Y Z’(ag,J_ny.Za}/l) ay Ei 63/ Z4¢

_1 ’ .
(oy, Qvy.zayi) 2ay, Y€l ?
1 |
-2 t
Nz 5iZ

3 .
=210~ 2 t 7

+ Op(1).
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Subtraction of the two trending processes and normalization of the processes by

their convergence rates is performed by a matrix Mry.

T2 0 0 0
MrM, Mo\ VX, = T-z 0 fy—ra 0 0 M.Mo' WX,
0 0 L,.1 0
1 0 0 -1

Tt
. -1 -1 t_Y.Z
YY2T=2(ay , Qyy.zayi) 20k, T
1
Zim-1a~2 <t _Z
YT 20,53 €

Lo_y. s 7 _ 702
T-% TY Z/(CY;/_LQYY.ZQY-L) Za;’_l_ Zi 5312 —leﬂzé Ei EzZ)

3
+0p(T73).

This shows that in only one direction a linear trend is left. Corresponding to the
(Py +pz-r)-dimensional limit process F' in Theorem 5.1, the asymptotic behaviour

of the transformed process is given by,

Lemma B.1 For the case where 7% # 0 and 72 # 0, with Br = MM, Mo/, ¥
and u € [0,1], then as T — oo,

u
W,

Wpy+z’z—T—1
1 1
(Y2, = (22 AW )

where W' = (Wi, ..., W,y 1,,_,) is a standard Brownian motion.

Finally B'Sxx.28 5 S5, B'Sxy.z D Spy.z, and Syy.z 5 Syy 7.

Next in the case when 7V'% £ ( but 2% = 0, only the direction 4Y"% is needed
in order to isolate the trend. Thus replace MM, with

T—lflﬁZr 0
MI? =| m-34v2 o |, (B.9)
0 T-21,,

which immediately gives,
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Lemma B.2 For the case where 772 # 0 and 72 = 0, with

BYZ' = MY?Ma'| ¥ and u € [0,1], then as T — oo,

u
w| W
BY #Xgy 5| (B.10)
Wpy+Pz—T
where W' = (Wy, ..., Wy, 4py—r) i @ standard Brownian motion.

Finally ,B,SXXZﬂ £> Egﬁ, ﬂ,SXy.Z f) Eﬁy.z, and Syy.Z f) Eyy.z.

A similar result is obtained for the final case, using a transformation M7

corresponding to M} 2.

Lemma B.3 For the case where 7¥% = 0 and 77 # 0, with B = MEMo\ ¥
and u € [0,1], then as T — oo,

W,
BY Xirg | : (B.11)
Woy+pz-r-1
Wi
where W' = (Wy,..., W, _,) 15 a standard Brownian motion.
PY+pz

Finally ﬁ/SXx.Z,B £> Eﬁﬁ, ,BISXy.Z -—Il Zpy.z, and Syy.Z £) Eyy.z.
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