Grundlaeggende
Algoritmer og Datastrukturer

Evaluering af polynomier
Maximum delsum [Bentley kap. 8]



Evaluering af Polynomier

= VI har et n'te grads polynomium P:

= P(X) = o X"+, X"+ ag X+a

Y %

= Vivil gerne evaluere det | et x.
= Hvor meget arbejde?




Evaluering af Polynomier

Eksempel
"n=3
= P(X) = X3+ 2x2

" 0;=1, 0,=2, a,=0, a,=0

= P(-2)=0, P(-1)=1, P(0)=0, P(1)=3




Evaluering af Polynomier

= P(X) = a X"+ o, X" ++ X + a
= Beregn P(x)

S=0 Delresultat
fori=0,...,n:
B=1 | |
. . . L Udregn bidrag fra o'
forj=1,..., Fa B til at blive x s
B=B*x
S=S+0;*B

return S



Evaluering af Polynomier

u P(X) — anxn -+ an_lxn-l +---4 alx + ao
= Beregn P(X)

S=0 Hvor mange gange bliver
fori=0,..., n: B =B * x ca. udfart?
B=1 a) log,(n)
for)=1,...,I N
o N *log,(n)
S=S+a*B N2

return S N3




Evaluering af Polynomier

= Beregn P(x)
S=0
for1=0,...,n:

return S

Vi laver naesten det
samme arbejde for
-1 og |

Lad os prgve at
genbruge
resultater!



Evaluering af Polynomier

= Beregn P(x)
S=0

return S

n4/2 + n/2

= Beregn P(X)
S=0

return S

2(n+1)

ny



Evaluering af Polynomier

= Hvor stor forskel pa moderne computer der
kan lave ca. 10° instruktioner pa 1 sekund?

Degree n: 102 104 108 108

Naive (n*/2 4+ n/2 work): | 5 microseconds | 50 milliseconds 8 minutes 2 months

Re-use (2(n + 1) work): 0.1 microseconds | 20 microseconds | 2 milliseconds | 0.2 seconds
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Max-Delsum
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Hvad er Max-Delsum ?

10 11 12 13 14 15 16

515 [4] 5] 2 o] a2 a5 [o] 23 7] 2 o]0

a) 10
b) 11
c) 14
d) 15
e) 17
f) 20
g) 30
h) ved ikke




Algoritme 1

1 maxsofar = 0
2 for i = [0, n)

/+ sum is sum of x[1..3] =/
maxsofar = max(maxsofar, sum)

3 for 7 = [i, n)

4 sum = 0

5 for k = [i, j]
6 sum (+= x[k]
.

3

Antal additioner:

n(n+1) n(n+1)(2n+1) _ n*+3n°+2n
6 6

www.cs.au.dk/~gerth/slides/math.pdf

al(n 1+1) = (n+1)al alz—( n+1)

=1 =1 =1



Algoritme 2

1 maxsofar = 0

2 for i = [0, n)

sum = 0

for j = [1, n)
sum += x[j]
/% sum is sum of x[i..j] =/
maxsofar = max(maxsofar, sum)

~N O O & W
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Algoritme 2b

cumarr[-1] = O
for i = [0, n)
cumarr[i] =
maxsofar = 0
for i = [0, n)
for 3 = [1i,

cumarrfi-11 + x[i]

n)

sum = cumarrfj] - cumarr[i-1]
/* sum 1s sum of x[i..j] =/

maxsofar

max (maxsofar, sum)



1 answer .= maxsum3(0, n-1)

2 float maxsum3 (1, u) /AIgOritme 3

3 ifF (1 > u) /% zero elements =

4 return O

5 if (1 == u) /= one element =/

6 return max(0, x[1])

7 m=({(l +u) /2

8 /+ Tind max crossing to left =/

9 Tmax = sum = 0

10 for (G =m; 1 >=1; i--)

11 sum += x[i]

12 Tmax = max(Imax, sum)

13 /= find max crossing to right =/ rekursive

14 rmax = sum = 0

15 for i = (m, ul metodekald

16 sum += x[i]

17 rmax = max{(rmax, sum)

18 return max({Imax+rmax, maxsum3(1, m), maxsum3(m+1l, u))
maxsum3(l,m)=7 maxsum3(m+1,u)=10

| m m+1 u

112151814 1-2]1-213|9|13]12]|5]-3

Imax=2 rmax=2



Algoritme 3

Imax rmax maxsums3

a) 6 9 10
b) 5 8 13
c) O 0 9
d 4 6 10
e) 6 9 15
f) ved ikke

IIIIIIIE

1,043,304 ,0[04540,513,0,2/0

3 2




Algoritme 3 : Analyse

Rekursionstreeet
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Observation
Samlet maengde additioner per lag er ~ n

Additioner
# additioner ~n - #lag ~n - log, n



Algoritme 4

1 maxsofar = 0

2 maxendinghere = 0

3 for 1 = [0, n)

/#* invariant: maxendinghere and maxsofar
are accurate for x[0..i-1] =/

maxendinghere = max(maxendinghere + x[i], O)

maxsofar = max(maxsofar, maxendinghere)

~N O O1 B~

1 2 3 -1 |
X |-312 14 |-7 13 |-2]5 |6 |4 |3 |1

maxsofar = 12 Invariant

maxendinghere = 10




Max-Delsum:
Algoritmiske ideer

Algoritme | # additioner ldé

1 ~n3 Naive lgsning

Genbrug beregninger
2 +2b ~ N2 sum(x[i..jJ) = sum(x[i..j-1]) + x[j]
sum(x[i..j]) = sum(x[0..j]) - sum(x[0..i-1])

3 ~n -logn Del-og-kombiner

4 ~nN Inkrementel




Sammenligning

ALGORITHM 1 2 3 4
Run time 10 1.3n° 10r* 47n log, n 48n
nanoseconds
Time to 103 1.3 secs 10 msecs .4 msecs .05 msecs
solve a 104 22 mins I sec 6 msecs .5 msecs
problem 10° 15 days 1.7 min 78 msecs 5 msecs
of size 10° 41 yrs 2.8 hrs 94 secs 48 msecs

107 41 millennia 1.7 wks 11 secs A48 secs
Max size sec 920 10,000 1.0x10° 2.1x107
problem min 3600 77,000 4.9%107 1.3%10°
solved in hr 14,000 6.0x10° 2.4%10° 7.6x10'°
one day 41,000 2.9x10° 5.0x10' 1.8x10"
1 n multiplies by 10, 1000 100 10+ 10
time multiplies by
If time multiplies by 515 316 10— 10

10, n multiplies by




Sammenligning: n®og n

ALPHA 21164A, TRS-80,
n C, BAsic,
CUBIC ALGORITHM | LINEAR ALGORITHM
10 0.6 microsecs 200 millisecs
100 0.6 millisecs 2.0 secs
1000 0.6 secs 20 secs
10,000 10 mins 3.2 mins
- 100,000 7 days 32 mins
1,000,000 19 yrs 5.4 hrs
1018 — century
105 —] L month
] 10'? _| “— hour S
Run Time Run Time in
in 10? — | second Common
Nanoseconds L Units
10° — L millisecond
10° — - microsecond
10° Alpha ’ — nanosecond
| I l | I
10° 10" 102 10° 10* 10° 10°

Problem Size (1)



Sammenligning 2009
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maxsum?1 = n3

x-akse = n, y = sekunder, hvert eksperiment gennemsnit af 10 karsler (gcc 4.1.2, C, Linux 2.6.18, Intel Xeon 3 GHz)



Sammenligning 2009
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maxsum2a og maxsum2b = n?

x-akse = n, y = sekunder, hvert eksperiment gennemsnit af 10 karsler (gcc 4.1.2, C, Linux 2.6.18, Intel Xeon 3 GHz)



Sammenligning 2009
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maxsum3 og maxsum4 = n ???

x-akse = n, y = sekunder, hvert eksperiment gennemsnit af 10 karsler (gcc 4.1.2, C, Linux 2.6.18, Intel Xeon 3 GHz)



Sammenligning 2009
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maxsum4 = n

x-akse = n, y = sekunder, hvert eksperiment gennemsnit af 10 karsler (gcc 4.1.2, C, Linux 2.6.18, Intel Xeon 3 GHz)



Sammenligning 2009
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maxsum3 = c,-n-log n+c,-n

x-akse = n, y = sekunder, hvert eksperiment gennemsnit af 10 karsler (gcc 4.1.2, C, Linux 2.6.18, Intel Xeon 3 GHz)



Algoritmisk indsigt...

= Gode idéer kan give hurtige algoritmer

*= Generelle algoritme teknikker
— Del-og-kombiner
— Inkrementel

= Analyse af udfgrelsestid
= Argumenteret for korrektheden
= |nvarianter



Afleveringsopgave

= Bentley 8.7.13:
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= Find stgrste sum | et del-rektangel.
= Input n x n. Alt fra n® og ned er OK.
= Prgv at argumentere for tid og korrekthed.



