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Dynamisk Programmering

Generel algoritmisk teknik — virker for
mange (men langt fra alle) problemer

Krav: "Optimal delstruktur” — en Igsning til
oroblemet kan konstrueres ud fra optimale
gsninger til "delproblemer”

Rekursive lgsning:
— Typisk eksponentiel tid

Dynamisk Programmering:
— Beregn dellgsninger systematisk
— Typisk polynomiel tid



Dynamisk Programmering:
Optimal opdeling af en stang

Problem: Opdel en stang i dele, hvor hver del har en pris,
saledes at den resulterende sum er maksimereret

ens lgsninger
r 1 1 5 1

En stang af leengde 4 kan opdeles pa 8 forskellige mader —
dog kun 5 forskellige resultater

length i | 1
price p; | 1 5 8

2 3 4 5 6 7 8 9 10
9 10 17 17 20 24 30




Optimal opdeling af steenger af leengde 1..10

Bedste pris Opdeling

ri = 1 1=1 <(nocuts),

rp = 5 2=2 (nocuts),

rg = 8 3 =3 (nocuts),

Fqga = 10 432+2,

rs = 13 S5=2+4+3,

re = 17 6 =6 (nocuts),

r; = 18 T=14+60r 7=2+4+2+3,

Fg = 22 822+6,

ro = 25 9=3+6,

rio = 30 10 = 10 (no cuts) .
lengthi |1 2 3 4 5 6 7 8 9 10
pricep; |1 5 8 9 10 17 17 20 24 30



Optimal opdeling af en stang:
Rekursiv lgsning

0 hvis n=0
‘max;_, ,(p;+r._;) ellers

CuT-ROD(p, n)
1 ifﬂ ==

2 return 0

3 q = —00

4 fori = 1ton
5 ¢ = max(g, p[i] + CUT-ROD(p,n — 1))
6 returng



CuT-ROD(p,n)

1
2
3
4
5
6

Optimal opdeling af en stang:
Rekursiv lgsning

CuT-RoD(p,2) allerede beregnet

ifn==0
return O
g = —xX
fori = 1ton
g = max(q, p[i] + CUT-ROD(p,n —1i))
return g

|

0 hvis n=0
max;, ,(p; +1,;) ellers

Tid O(2")



Optimal opdeling af en stang:
Rekursiv lgsning

CuT-ROD(p,n)

ifn==0
return 0 . 0 hvis n=0
q = —x " | max,, ,(p+1,.) ellers

fori = 1ton
g = max(q, p[i] + CUT-ROD(p,n —1i))
return g

AN B W=



Optimal opdeling af en stang:
Rekursiv lgsning + Memoization

MEMOIZED-CUT-ROD (p, n)

1 letr[0..n]be anew array

2 fori =0ton

3 rli] = —o0

4 return MEMOIZED-CUT-ROD-AUX(p,n,r)

MEMOIZED-CUT-ROD-AUX(p,n,r)
if r[n] >0

return r[n]
if n ==

q =0
else g = —o0

fori = 1ton

g = max(q, p[i] + MEMOIZED-CUT-ROD-AUX(p,n —i,r))

rln] = q <€— huskresultatet !

return g Tld O(nZ)

O 0 1IN Dt B W N =



Optimal opdeling af en stang:
Systematisk udfyldning

BoTrTOM-UP-CUT-ROD(p, 1)

1
2
3
4
5
6
7
8

let 7[0..n] be a new array
rf0] =0
for j = 1ton <— rakkefolgen vigtig !
fori = 1toj
q = max(q, pli] +r[j —i])
rlj] =q

~ return r|n]




2 r[0] =0

3 forj =1ton

4 g = —00

5 fori = 1toj

6 - ifg < pli] +r[j — 1]

7 q = plil+r[j —i]

8 - sl =i

9 rlj]l = ¢ i |01 23 4 5 6 7 8 9 10

10 returnr and s ri]{0 1 5 8 10 13 17 18 22 25 30
sijlo 123 2 2 6 1 2 3 10

PRINT-CUT-ROD-SOLUTION (p, 1)

1
2
3
4

Optimal opdeling af en stang:
Udskrivning af lgsningen

EXTENDED-BOTTOM-UP-CUT-ROD(p, n)

1 letr[0..n] and s[0..n] be new arrays

(r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
while n > 0

print s[n]

n = n—snj



Matrix Multiplikation

MATRIX-MULTIPLY (A4, B)

1 if A.columns # B.rows

2 error “incompatible dimensions”

3  else let C be anew A.rows X B.columns matrix
4 fori = 1to A.rows

5 for j = 1to B.columns

6 Cij = 0

7 for k = 1to A.columns

8 cij = Cij + aik - by

9 return C

Multiplikation af to matricer A og B af starrelse
P1 X P, 0g P, X p3 tager tid O(p;-p,-Ps)



Matrix-kaede Multiplikation

(A-B)-C eller A(B-C) ?

Matrix multiplikation er associativ (kan saette paranteser som man vil) men
ikke kommutative (kan ikke bytte rundt pa reekkefalgen af matricerne)




Matrix-kaede Multiplikation

Problem: Find den bedste reekkefglge (paranteser)
for at gange » matricer sammen

hvor A; er en p,_; X p; matrix

NB: Der er Q(4"/n%2) mulige mader for paranteserne



Matrix-kaede Multiplikation

m[1,J] = minimale antal (primitive) multiplikationer

for at beregne A; - - - A (B A) - (Py A)

m[i,jlzgo //i it =J

min {m[i,k] +mlk + 1, j] + piipep;} ifi < j

i<k<j

RECURSIVE-MATRIX-CHAIN(p, I, )
1 ifi==]
2 return 0
3 mli,j] =
4 fork =itoj—1
5 g = RECURSIVE-MATRIX- CHAIN(p,l,k)
+ RECURSIVE-MATRIX-CHAIN(p, k + 1, ])

+Pz lpkpj
if g <mli, j]

7 [i,j] = | :
8 return m}? l]]J ! Tld Q(4n/n3/2)

o))



Matrix-kaede Multiplikation

MATRIX-CHAIN-ORDER (p)

1 n = p.length—1

2 letm[l..n,1..n]and s[1..n —1,2..n] be new tables
3 fori =1ton |

4 mli,i] = 0

5 for/ =2ton // | is the chain length

6 fori = 1ton—1[1+1 |

7 j=i+1-1

8 mli, j] = oo

9 fork =itoj—1 -

10 q = m[i,k] +ml[k + 1, j] + pi—1pkp;
11 - ifg <mli, j]

12 mli, j] = q

13 sli,j] =k

14 return m and s Tid O(n3)



Matrix-kaede Multiplikation

matrix | Aq Ap Az Ag As Ag

dimension|30><35 35 x 15 _15><5 5x10 10x20 20x25



Matrix-keede Multiplikation

PRINT-OPTIMAL-PARENS (5,1, J)
if i == j |
~ print “A”;
else print “(”
PRINT-OPTIMAL-PARENS (5,1, s[i, j])
PRINT-OPTIMAL-PARENS (s, s[i, j] + 1, j)
print *)”

N R W =

Tid O(n)



"Memoized”
Matrix-kaede Multiplikation

MEMOIZED-MATRIX-CHAIN(p)

1 n = p.length—1
2 letm[l..n,1..n]be anew table
3 fori = 1ton
4 for j =iton
5 mli, j] = o0
6 return LOOKUP-CHAIN(m, p, 1,n)
LOOKUP-CHAIN(m, p,i, j)
if mli, j] < oo
return mli, j|
ifi ==j
mli,j] =0
elsefork = itoj —1
g = LOOKUP-CHAIN(m, p,i,k)
+ LOOKUP-CHAIN(m, p,k + 1, j) + pi—1px P,
ifg <mli,j] |

mli, j] = q -'
9 return ml[i, j] Tid O(n3)

NN B W

o0



Laengste Faelles Delsekvens



Laengste Faelles Delsekvens

| 0 | ifi =0o0rj =0,
—» c[i,jl=(cli—-1,j—1]+1 ifi,j >0and x; = y; ,
/ \max(c[i,j —1),cli —1,j]) ifi,j > 0andx; # y; .

laengden af en laengste feelles delsekvens af x;x,--*x; 0og Y1Yo Y



Laengste Faelles Delsekvens

Y A
0
AN
1
0 «—2
T
0 2
AN )
0 2
T
0 2
T
0 2
N )
0 2
| 0 | ifi =0o0rj =0,
cli,jl=gcli—-Lj—-1+1X ifi,j >0and x; = y; ,

max(c[i,j(_— 1], c[i —lt\l,j]) ifi,j >0andx; # y; .




Laengste Faelles Delsekvens

LCS-LENGTH(X,Y)

1

r—n'
e BiNelle SRR le NNV, ISR IR o

11
12
13
14
15
16
17
18

let b[1..m,1..n]and c[0..m,0..n] be new tables

m = X.length
n = Y.length
fori = 1tom
cli,0] =0
for j =0ton
c[0,j] =0
fori = 1tom
for j = 1ton
ifx,- ==Y;

cli,jl=cli—1,j —1]+1

bli, jl ="\

elseif c[i — 1, j] > c[i,j — 1]
C[l,]] — C[i T I’J]

bli, j] =17

else c[i, j] = c[i,j — 1]

bli, j] = “«
return ¢ and b

??

?”

n
0 1 3 4 5 6
y ® D A
0] 0/ 0l 0] 0] 0] 0
NI A Y
0] 0] 0 1]<1] 1
; TIN
OIS 1 1] 20«2
T T N
0| 1] 12 2| 2
Nl T T
o] 1] 1| 2| 288313
L A 1
0] 1| 21 2] 2 3
(N A NG
0] 1| 2| 2| 3| 3[84
N TN
ol 1] 2| 2] 3| 4

Tid O(hm)



Laengste Faelles Delsekvens

PRINT-LCS (b, X, i, j) , "
j 0 1 2 3 4 5 6
1 ifi==0o0rj==0 i , ®0 ©® 2 ® @
2 return 0 x| ol o of ol of of o
3 it b[i, j] ==\ . TS
4 PRINT-LCS(b, X,i — 1, j — 1) el T s
5 print x; z\j T I
6 elseif b[i, j] == “1” R B
3
7 PRINT-LCS (b, X,i — 1, j) o 1l 2| 3 3R
8 else PRINT-LCS(b, X,i,j — 1) o[ 2l o] 5

Tid O(n+m)



Optimale Binaere Sggetraeer

node depth probability contribution

k1 1 0.15 0.30
ko 0 0.10 0.10
k3 2 - 0.05 0.15
ka 1 0.10 0.20
ks 2 0.20 0.60
d 2 0,05 0,
(& (2+1)x010 - 0.;_(3%]
1753 3 0.05 0.
Forventet sggetid 2.80 Zi g 882 ggg
do ky dy k, d, ks ds k, dy ke ds ds 3 0.10 0.40
——o—o————> T 2.80

Jo P1d1 P20, P3d3 P4 44 Ps Js

I 0 1 2 3 4 5
Di 0.15 0.10 0.05 0.10 0.20
gi | 005 0.10 005 0.05 0.05 0.10

INPUT




Optimale Binaere Sggetraeer

ipwriqf:l w(, J)—szJqu:
i - I=i—1
i=1 i=0 W(3;4)

do ky dy k, d, ks dy k, dy ke de
—_————— —

Qo P1 91 P2 92 P3 A3 P4 A4 Ps Os

qi_ if j=i—1
eli, jl = mm {eli,r — 1]+ elr +1, j] +w(, Yy ifi <j.

I{r{j

forventet optimal tid for et sggetrae indeholdende k;...,k; og d;...,d;



Optimale Binaere Sggetraeer

{qm ifj=i—1,
eli, j1 = mi r— 1] +elr +1, j1+w(, j)} ifi=j.
OPTIMAL-BST(p, q,n) S T = el S
1 lete[l..n+1,0..n],w[l..n+1,0..n],
~and root[1..n,1..n] be new tables
fori = 1ton +1
eli,i —1] = ¢
wii. i,_ 1] = g | w(3,4) |
for/! = 1ton dg k.l d, k.z d, .ks d; .k4 d, 'k5 ds -

fori = lton—1+1 0o P1 1 P2 Uz P3 Az Pa Ga Ps s

O 00 ~J O\ L B W R

j=i+1-1
eli, j] = oo
10 forr =ito;j |
11 t =eli,r—1]+e[r+1,j]+wli,j]
12 ift <eli,J]
13 e eli,j] =t

i;l rootli, j] = r Tid O(n3)

return ¢ and root



Konstruktion af
Optimalt Binaert Sggetrae

W(3l,4)

do ky dy K, d, ks dy K, d e de
—_—— D

Qo P1 91 P2 92 P3 A3 P4 A4 Ps Os




Dynamisk Programmering

Generel algoritmisk teknik

Krav: "Optimal delstruktur” — en Igsning til
oroblemet kan konstrueres ud fra optimale
gsninger til "delproblemer”

Rekursionsligning

Eksempler

— Stang opdeling

— Matrix-kaede multiplikation
— Leengste feelles delsekvens
— Optimale sggetraeer




